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Statistics is concerned with making inferences about the way the world is, based upon things
we observe happening. Nature is complex, so the things we see hardly ever conform exactly to
simple or elegant mathematical idealisations – the world is full of unpredictability, uncertainty,
randomness. Probability is the language of uncertainty, and so to understand statistics, we must
understand uncertainty, and hence understand probability. Probability questions arise naturally in
many contexts; for example, “What is the probability of getting five numbers plus the bonus ball
correct from a single line on the National Lottery?” and “What is the probability that the Earth is
hit by a large asteroid in the next 50 years?”.

The first semester will cover the key concepts required for further study of probability and
statistics. After some basic data analysis, the fundamentals of probability theory will be introduced.
Using basic counting arguments, we will see why you are more likely to guess at random a 7-digit
phone number correctly, than to get all 6 numbers on the National Lottery correct. We will then
move on to probability distributions and investigate how they can be used to model uncertain
quantities such as the response of cancer patients to a new treatment, and the demand for season
tickets at Newcastle United.
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Chapter 1

Introduction to Statistics

1.1 Introduction, examples and definitions

1.1.1 Introduction

We begin the module with some basic data analysis. Since Statistics involves the collection and
interpretation of data, we must first know how to understand, display and summarise large amounts
of quantitative information, before undertaking a more sophisticated analysis.

Statistical analysis of quantitative data is important throughout the pure and social sciences.
For example, during this module we will consider examples from Biology, Medicine, Agriculture,
Economics, Business and Meteorology.

1.1.2 Examples

Survival of cancer patients: A cancer patient wants to know the probability that he will survive
for at least 5 years. By collecting data on survival rates of people in a similar situation, it is
possible to obtain an empirical estimate of survival rates. We cannot know whether or not
the patient will survive, or even know exactly what theprobability of survival is. However,
we canestimatetheproportionof patients who survive fromdata.

Car maintenance: When buying a certain type of new car, it would be useful to know how much
it is going to cost to run over the first three years from new. Of course, we cannot predict
exactly what this will be — it will vary from car to car. However, collecting data from people
who bought similar cars will give some idea of thedistributionof costs across thepopulation
of car buyers, which in turn will provide information about thelikely cost of running the car.

1.1.3 Definitions

The quantities measured in a study are calledrandom variables, and a particular outcome is called
anobservation. Several observations are collectively known asdata. The collection of all possible
outcomes is called thepopulation.

In practice, we cannot usually observe the whole population. Instead we observe a sub-set of
the population, known as asample. In order to ensure that the sample we take isrepresentativeof
the whole population, we usually take arandom samplein which all members of the population
areequally likelyto be selected for inclusion in the sample. For example, if we are interested in
conducting a survey of the amount of physical exercise undertaken by the general public, surveying
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people entering and leaving a gymnasium would provide abiasedsample of the population, and
the results obtained wouldnot generalise to the population at large.

Variables are eitherqualitativeor quantitative. Qualitative variables have non-numeric out-
comes, with no natural ordering. For example, gender, disease status, and type of car are all
qualitative variables. Quantitative variables have numeric outcomes. For example, survival time,
height, age, number of children, and number of faults are all quantitative variables.

Quantitative variables can bediscreteor continuous. Discrete random variables have outcomes
which can take only a countable number of possible values. These possible values are usually
taken to be integers, but don’t have to be. For example, number of children and number of faults
are discrete random variables which take only integer values, but your score in a quiz where “half”
marks are awarded is a discrete quantitative random variable which can take on non-integer values.
Continuous random variables can take any value over some continuous scale. For example, survival
time and height are continuous random variables. Often, continuous random variables are rounded
to the nearest integer, but the are still considered to be continuous variables if there is an underlying
continuous scale. Age is a good example of this.

1.2 Data presentation

1.2.1 Introduction

A set of data on its own is very hard to interpret. There is lots of information contained in the
data, but it is hard to see. We need ways of understanding important features of the data, and to
summarise it in meaningful ways.

The use ofgraphsandsummary statisticsfor understanding data is an important first step in
the undertaking of any statistical analysis. For example, it is useful for understanding the main
features of the data, for detectingoutliers, and data which has been recorded incorrectly. Outliers
are extreme observations which do not appear to be consistent with the rest of the data. The
presence of outliers can seriously distort some of the more formal statistical techniques to be
examined in the second semester, and so preliminary detection and correction or accommodation
of such observations is crucial, before further analysis takes place.

1.2.2 Frequency tables

It is important to investigate theshapeof thedistributionof a random variable. This is most easily
examined usingfrequency tablesanddiagrams. A frequency table shows a tally of the number of
data observations in differentcategories.

For qualitativeanddiscrete quantitativedata, we often use all of the observed values as our
categories. However, if there are a large number of different observations, consecutive observations
may begroupedtogether to form combined categories.

Example

For Example 1 (germinating seeds), we can construct the following frequency table.

No. germinating 85 86 87 88 89 90 91 92 93 94

Frequency 3 1 5 2 3 6 11 4 4 1
n = 40
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Since we only have 10 categories, there is no need to amalgamate them.
For continuousdata, the choice of categories is more arbitrary. We usually use 8 to 12non-

overlapping consecutive intervalsof equal width. Fewer than this may be better for small sample
sizes, and more for very large samples. The intervals must cover the entire observed range of
values.

Example

For Example 2 (survival times), we have the following table.

Range Frequency

0 — 39 11
40 — 79 4
80 — 119 1

120 — 159 1
160 — 199 2
200 — 240 1

n = 20

N.B. You should define the intervals to the same accuracy of the data. Thus, if the data is defined
to the nearest integer, the intervals should be (as above). Alternatively, if the data is defined to
one decimal place, so should the intervals. Also note that here the underlying data is continuous.
Consequently, if the data has beenroundedto the nearest integer, then the intervals are actually
0−39.5, 39.5−79.5, etc. It is important to include the sample size with the table.

1.2.3 Histograms

Once the frequency table has been constructed, pictorial representation can be considered. For
most continuous data sets, the best diagram to use is ahistogram. In this the classification intervals
are represented to scale on the abscissa (x-axis) of a graph and rectangles are drawn on this base
with their areasproportional to the frequencies. Hence the ordinate (y-axis) is frequency per unit
class interval (or more commonly,relative frequency— see below). Note that theheightsof the
rectangles will be proportional to the frequencies if and only if class intervals of equal width are
used.
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Example

The histogram for Example 2 is as follows.

Raw frequency histogram
(n=20)
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Note that here we have labelled they-axis with the raw frequencies. This only makes sense when
all of the intervals are the same width. Otherwise, we should label using relative frequencies, as
follows.
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Relative frequency histogram
(n=20)
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The y-axis values are chosen so that the area of each rectangle is the proportion of observations
falling in that bin. Consider the first bin (0–39). The proportion of observations falling into this bin
is 11/20 (from the frequency table). The area of our rectangle should, therefore, be 11/20. Since
the rectangle has a base of 40, the height of the rectangle must be 11/(20×40) = 0.014. In general
therefore, we calculate the bin height as follows:

Height=
Frequency

n×BinWidth
.

This method can be used when the interval widths are not the same, as shown below.
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Relative frequency histogram
(n=20)
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Note that when they-axis is labelled with relative frequencies, the area under the histogram is
always one. Bin widths should be chosen so that you get a good idea of the distribution of the data,
without being swamped by random variation.

Example

Consider the leaf area data from Example 3. There follows some histograms of the data based on
different bin widths. Which provides the best overview of the distribution of the data?
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Histogram of Leaves
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Histogram of Leaves
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1.2.4 Bar charts and frequency polygons

When the data are discrete and the frequencies refer to individual values, we display them graph-
ically using abar chart with heights of bars representing frequencies, or afrequency polygonin
which only the tops of the bars are marked, and then these points are joined by straight lines. Bar
charts are drawn with a gap between neighbouring bars so that they are easily distinguished from
histograms. Frequency polygons are particularly useful for comparing two or more sets of data.

Example

Consider again the number of germinating seeds from Example 1. Using the frequency table
constructed earlier, we can construct a Bar Chart and Frequency Polygon as follows.

85 86 87 88 89 90 91 92 93 94

Barplot of the number of germinating seeds
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Frequency polygon for the number of germinating seeds
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n = 40

A third method which is sometimes used forqualitativedata is called apie chart. Here, a circle
is divided into sectors whoseareas, and henceanglesare proportional to thefrequenciesin the
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different categories. Pie charts should generally not be used forquantitativedata – a bar chart or
frequency polygon is almost always to be preferred.

Whatever the form of the graph, it should be clearly labelled on each axis and a fully descriptive
title should be given, together with the number of observations on which the graph is based.

1.2.5 Stem-and-leaf plots

A good way to present both continuous and discrete data for sample sizes of less than 200 or so
is to use astem-and-leaf plot. This plot is similar to a bar chart or histogram, but contains more
information. As with a histogram, we normally want 5–12 intervals of equal size which span the
observations. However, for a stem-and-leaf plot, the widths of these intervals must be 0.2, 0.5 or
1.0 times a power of 10, and we are not free to choose the end-points of the bins. They are best
explained in the context of an example.

Example

Recall again the seed germination Example 1. Since the data has a range of 9, an interval width
of 2 (= 0.2×101) seems reasonable. To form the plot, draw a vertical line towards the left of the
plotting area. On the left of this mark the interval boundaries in increasing order, noting only those
digits that are common to all of the observations within the interval. This is called thestemof the
plot. Next go through the observations one by one, noting down the next significant digit on the
right-hand side of the corresponding stem.

8 5 5 5
8 7 7 7 7 6 7
8 8 9 8 9 9
9 1 1 0 1 1 0 0 1 1 1 0 1 1 0 0 1 1
9 3 2 2 2 3 3 3 2
9 4

For example, the first stem contains any values of 84 and 85, the second stem contains any values
of 86 and 87, and so on. The digits to the right of the vertical line are known as theleavesof the
plot, and each digit is known as aleaf.

Now re-draw the plot with all of the leaves corresponding to a particular stem ordered increas-
ingly. At the top of the plot, mark the sample size, and at the bottom, mark the stem and leaf units.
These are such that an observation corresponding to any leaf can be calculated as

Observation= StemLabel×StemUnits+LeafDigit×LeafUnits

to the nearest leaf unit.

n = 40
8 5 5 5
8 6 7 7 7 7 7
8 8 8 9 9 9
9 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
9 2 2 2 2 3 3 3 3
9 4

Stem Units = 10 seeds,
Leaf Units = 1 seed.
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The main advantages of using a stem-and-leaf plot are that it shows the general shape of the data
(like a bar chart or histogram), and that the all of the data can be recovered (to the nearest leaf
unit). For example, we can see from the plot that there is only one value of 94, and three values
of 89.

Example

A stem-and-leaf plot for the data from Example 5 is given below. An interval width of 0.5 (=
0.5×100) is used.

n = 24

1 5 9 9
2 0 1 3 4 4
2 6 7 7 8 8 9
3 0 1 2 2
3 5 6 8 8 8
4 1

Stem Units = 1,
Leaf Units = 0.1.

Note that in this example, the data is given with more significant digits than can be displayed on
the plot. Numbers should be “cut” rather than rounded to the nearest leaf unit in this case. For
example, 1.97 is cut to 1.9, and then entered with a stem of 1 and a leaf of 9. It isnot rounded
to 2.0.

1.2.6 Summary

Using the plots described in this section, we can gain an empirical understanding of the important
features of the distribution of the data.

• Is the distributionsymmetricor asymmetricabout its central value?

• Are there anyunusualor outlyingobservations, which are muchlarger or smaller than the
main body of observations?

• Is the datamulti-modal? That is, are theregapsor multiple peaksin the distribution of the
data? Two peaks may imply that there are two different groups represented by the data.

• By putting plots side by side with thesame scale, we may compare the distributions of
different groups.

1.3 Summary measures

1.3.1 Measures of location

In addition to the graphical techniques encountered so far, it is often useful to obtain quantitative
summaries of certain aspects of the data. Most simple summary measurements can be divided
into two types; firstly quantities which are “typical” of the data, and secondly, quantities which
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summarise the variability of the data. The former are known asmeasures of locationand the latter
asmeasures of spread. Suppose we have a sample of sizen of quantitativedata. We will denote
the measurements byx1,x2, . . .xn.

Sample mean

This is the most important and widely used measure of location. Thesample meanof a set of data
is

x̄ =
x1 +x2 + · · ·+xn

n
=

1
n

n

∑
i=1

xi .

This is the location measure often used when talking about theaverageof a set of observations.
However, the term “average” should be avoided, as all measures of location are different kinds of
averages of the data.

If we havediscretequantitative data, tabulated in a frequency table, then if the possible out-
comes arey1, . . . ,yk, and these occur with frequenciesf1, . . . , fk, so that∑ fi = n, then the sample
mean is

x̄ =
f1y1 + · · ·+ fkyk

n
=

1
n

k

∑
i=1

fiyi =
1

∑ fi

k

∑
i=1

fiyi .

Forcontinuousdata, the sample mean should be calculated from the original data if this is known.
However, if it is tabulated in a frequency table, and the original data isnot known, then the sample
mean can beestimatedby assuming that all observations in a given interval occurred at the mid-
point of that interval. So, if the mid-points of the intervals arem1, . . . ,mk, and the corresponding
frequencies aref1, . . . , fk, then sample mean can be approximated using

x̄' 1
n

k

∑
i=1

fimi .

Sample median

The sample medianis the middle observation when the data arerankedin increasing order. We
will denote the ranked observationsx(1),x(2), . . . ,x(n). If there are an even number of observations,
there is no middle number, and so the median is defined to be the sample mean of the middle two
observations.

SampleMedian=


x( n+1

2 ), n odd,

1
2x( n

2) + 1
2x( n

2+1), n even.

The sample median is sometimes used in preference to the sample mean, particularly when the
data is asymmetric, or contains outliers. However, its mathematical properties are less easy to
determine than those of the sample mean, making the sample mean preferable for formal statistical
analysis. The ranking of data and calculation of the median is usually done with a stem-and-leaf
plot when working by hand. Of course, for large amounts of data, the median is calculated with
the aid of a computer.
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Sample mode

The mode is the value which occurs with the greatest frequency. Consequently, it only really
makes sense to calculate or use it with discrete data, or for continuous data with small grouping
intervals and large sample sizes. For discrete data with possible outcomesy1, . . . ,yk occurring with
frequenciesf1, . . . , fk, we may define the sample mode to be

SampleMode= {yk| fk = max
i
{ fi}}.

That is, theyk whose correspondingfk is largest.

Summary of location measures

As we have already remarked, the sample mean is by far the most important measure of location,
primarily due to its attractive mathematical properties (for example, the sample mean of the sum of
two equal length columns of data is just the sum of the sample means of the two columns). When
the distribution of the data is roughly symmetric, the three measures will be very close to each
other anyway. However, if the distribution is very skewed, there may be a considerable difference,
and all three measures could be useful in understanding the data. In particular, the sample median
is a much morerobustlocation estimator, much less sensitive than the sample mean to asymmetries
and unusual values in the data.

In order to try and overcome some of the problems associated with skewed data, such data is
oftentransformedin order to try and get a more symmetric distribution. If the data has a longer tail
on the left (smaller values) it is known asleft-skewedor negatively skewed. If the data has a longer
tail on the right (larger values), then it is known asright-skewedor positively skewed. N.B. This
is the opposite to what many people expect these terms to mean, as the “bulk” of the distribution
is shifted in the opposite direction on automatically scaled plots. If the data is positively skewed,
then we may take square roots or logs of the data. If it is negatively skewed, we may square or
exponentiate it.

Example

One of the histograms for Example 3, the leaf area data, is repeated below. We can see that the
long tail is on the right, and so this data ispositivelyor right skewed. This is the case despite the
fact that the bulk of the distribution is shifted to the left of the plot. If we look now at a histogram
of the logs of this data, we see that it is much closer to being symmetric. The sample mean and
median are much closer together (relatively) for the transformed data.
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1.3.2 Measures of spread

Knowing the “typical value” of the data alone is not enough. We also need to know how “con-
centrated” or “spread out” it is. That is, we need to know something about the “variability” of the
data. Measures of spread are a way of quantifying this idea numerically.

Range

This is the difference between the largest and smallest observation. So, for our ranked data, we
have

Range= x(n)−x(1)

This measure can sometimes be useful for comparing the variability of samples of the same size,
but it is not very robust, and is affected by sample size (the larger the sample, the bigger the range),
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so it is not a fixed characteristic of the population, and cannot be used to compare variability of
different sized samples.

Mean absolute deviation (M.A.D.)

This is the average absolute deviation from the sample mean.

M.A.D. =
|x1− x̄|+ · · ·+ |xn− x̄|

n
=

1
n

n

∑
i=1
|xi− x̄|

where

|x|=

{
x x≥ 0

−x x< 0.

The M.A.D. statistic is easy to understand, and is often used by non-statisticians. However, there
are strong theoretical and practical reasons for preferring the statistic known as thevariance, or its
square root, thestandard deviation.

Sample variance and standard deviation

Thesample variance, s2 is given by

s2 =
1

n−1

n

∑
i=1

(xi− x̄)2 =
1

n−1

{(
n

∑
i=1

x2
i

)
−nx̄2

}
.

It is the average squared distance of the observations from their mean value. The second formula
is easier to calculate with. The divisor isn−1 rather thann in order to correct for the bias which
occurs because we are measuring deviations from the sample mean rather than the “true” mean of
the population we are sampling from — more on this in Semester 2.

For discretedata, we have

s2 =
1

n−1

k

∑
i=1

fi(yi− x̄)2

and for continuous tabulated data we have

s2' 1
n−1

k

∑
i=1

fi(mi− x̄)2.

The sample standard deviation, s, is just the square root of the sample variance. It is preferred
as a summary measure as it is in the units of the original data. However, it is often easier from a
theoretical perspective to work with variances. Thus the two measures are complimentary.

Most calculators have more than one way of calculating the standard deviation of a set of data.
Those withσn andσn−1 keys give the sample standard deviation by pressing theσn−1 key, and
those withσ ands keys give it by pressing thes key.

When calculating a summary statistic, such as the mean and standard deviation, it is useful to
have some idea of the likely value in order to help spot arithmetic slips or mistakes entering data
into a calculator or computer. The sample mean of a set of data should be close to fairly typical
values, and 4s should cover the range of the bulk of your observations.
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Quartiles and the interquartile range

Whereas the median has half of the data less than it, thelower quartilehas aquarter of the data
less than it, and theupper quartilehas a quarter of the data above it. So the lower quartile is
calculated as the(n + 1)/4th smallest observation, and the upper quartile is calculated as the
3(n+ 1)/4th smallest observation. Again, if this is not an integer,linearly interpolatebetween
adjacent observations as necessary (examples below). There is no particularly compelling reason
why (n+1)/4 is used to define the position of the lower quartile —(n+2)/4 and(n+3)/4 seem
just as reasonable. However, the definitions given are those used by Minitab, which seems as good
a reason as any for using them!

Examples

Calculating lower quartiles

n = 15 LQ at(15+1)/4 = 4 LQ isx(4)

n = 16 LQ at(16+1)/4 = 41
4 LQ is 3

4x(4) + 1
4x(5)

n = 17 LQ at(17+1)/4 = 41
2 LQ is 1

2x(4) + 1
2x(5)

n = 18 LQ at(18+1)/4 = 43
4 LQ is 1

4x(4) + 3
4x(5)

n = 19 LQ at(19+1)/4 = 5 LQ isx(5)

The inter-quartile rangeis the difference between the upper and lower quartiles, that is

IQR = UQ−LQ.

It measures the range of the middle 50% of the data. It is an alternative measure of spread to the
standard deviation. It is of interest because it is much more robust than the standard deviation, and
thus is often used to describe asymmetric distributions.

Coefficient of variation

A measure of spread that can be of interest is known as thecoefficient of variation. This is the ratio
of the standard deviation to the mean,

Coefficient of variation=
s
x̄
,

and thus has no units. The coefficient of variation does not change if the (linear)scale, but not the
locationof the data is changed. That is, if you take datax1, . . . ,xn and transform it to new data,
y1, . . . ,yn using the mappingyi = αxi +β, the coefficient of variation ofy1, . . . ,yn will be the same
as the coefficient of variation ofx1, . . . ,xn if β = 0 andα> 0, but not otherwise. So, the coefficient
of variation would be the same for a set of length measurements whether they were measured in
centimeters or inches (zero is the same on both scales). However, the coefficient of variation would
be different for a set of temperature measurements made in Celsius and Fahrenheit (as the zero of
the two scales is different).

16



1.3.3 Box-and-whisker plots

This is a useful graphical description of the main features of a set of observations. There are many
variations on the box plot. The simplest form is constructed by drawing a rectangularboxwhich
stretches from the lower quartile to the upper quartile, and is divided in two at the median. From
each end of the box, a line is drawn to the maximum and minimum observations. These lines are
sometimes calledwhiskers, hence the name.

Example

Consider the data for Example 3, the leaf size data. Box plots for this data and the logs are given
below. Notice how the asymmetry of the original distribution shows up very clearly on the left
plot, and the symmetry of the distribution of the logs, on the right plot.
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Box plots of raw and transformed leaf area data(n = 200)

Box-and-whisker plots are particularly useful for comparing several groups of observations. A
box plot is constructed for each group and these are displayed on a common scale. At least 10
observations per group are required in order for the plot to be meaningful.
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Chapter 2

Introduction to Probability

2.1 Sample spaces, events and sets

2.1.1 Introduction

Probability is the language we use to model uncertainty. The data and examples we looked at in the
last chapter were theoutcomesof scientific experiments. However, those outcomes could have been
different — many different kinds ofuncertaintyandrandomnesswere part of the mechanism which
led to the actual data we saw. If we are to develop a proper understanding of such experimental
results, we need to be able to understand the randomness underlying them. In this chapter, we
will look at the fundamentals of probability theory, which we can then use in the later chapters for
modelling the outcomes of experiments, such as those discussed in the previous chapter.

2.1.2 Sample spaces

Probability theory is used as a model for situations for which the outcomes occur randomly. Gener-
ically, such situations are calledexperiments, and the set of all possible outcomes of the experiment
is known as thesample spacecorresponding to an experiment. The sample space is usually de-
noted byS, and a generic element of the sample space (a possible outcome) is denoted bys. The
sample space is chosen so that exactly one outcome will occur. The size of the sample space is
finite, countably infiniteor uncountably infinite.

Examples

Consider Example 1. The outcome of one of any replication is the number of germinating seeds.
Since 100 seeds were monitored, the number germinating could be anything from 0 to 100. So, the
sample space for the outcomes of this experiment is

S= {0,1,2, . . . ,100}.

This is an example of a finite sample space. For Example 2, the survival time in weeks could be
any non-negative integer. That is

S= {0,1,2, . . .}.

This is an example of a countably infinite sample space. In practice, there is some upper limit to
the number of weeks anyone can live, but since this upper limit is unknown, we include all non-
negative integers in the sample space. For Example 3, leaf size could be any positive real number.
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That is

S= IR+ ≡ (0,∞).

This is an example of an uncountably infinite sample space. Although the leaf sizes were only
measured to 1 decimal place, the actual leaf sizes vary continuously. For Example 4 (number of
siblings), the sample space would be as for Example 2, and for Example 5 (plutonium measure-
ments), the sample space would be the same as in Example 3.

2.1.3 Events

A subsetof the sample space (a collection of possible outcomes) is known as anevent. Events may
be classified into four types:

• thenull eventis the empty subset of the sample space;

• anatomic eventis a subset consisting of a single element of the sample space;

• acompound eventis a subset consisting of more than one element of the sample space;

• thesample spaceitself is also an event.

Examples

Consider the sample space for Example 4 (number of siblings),

S= {0,1,2, . . .}

and the eventat most two siblings,

E = {0,1,2}.

Now consider the event

F = {1,2,3, . . .}.

Here,F is the eventat least one sibling.
Theunionof two eventsE andF is the event that at least one ofE andF occurs. The union of

the events can be obtained by forming the union of the sets. Thus, ifG is the union ofE andF ,
then we write

G = E∪F

= {0,1,2}∪{1,2,3, . . .}
= {0,1,2, . . .}
= S

So the union ofE andF is the whole sample space. That is, the eventsE andF together cover all
possible outcomes of the experiment — at least one ofE or F must occur.
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The intersectionof two eventsE andF is the event that bothE andF occur. The intersection
of two events can be obtained by forming the intersection of the sets. Thus, ifH is the intersection
of E andF , then

H = E∩F

= {0,1,2}∩{1,2,3, . . .}
= {1,2}

So the intersection ofE andF is the eventone or two siblings.
Thecomplementof an event,A, denotedAc or Ā, is the event thatA doesnot occur, and hence

consists of all those elements of the sample space that are not inA. Thus if E = {0,1,2} and
F = {1,2, . . .},

Ec = {3,4,5, . . .}

and

Fc = {0}.

Two eventsA andB aredisjoint or mutually exclusiveif they cannot both occur. That is, their
intersection in empty

A∩B = /0.

Note that for any eventA, the eventsA andAc are disjoint, and their union is the whole of the
sample space:

A∩Ac = /0 and A∪Ac = S.

The eventA is true if the outcome of the experiment,s, is contained in the eventA; that is, ifs∈ A.
We say that the eventA impliesthe eventB, and writeA⇒B, if the truth ofB automatically follows
from the truth ofA. If A is a subset ofB, then occurrence ofA necessarily implies occurrence of
the eventB. That is

(A⊆ B) ⇐⇒ (A∩B = A) ⇐⇒ (A⇒ B).

We can see already that to understand events, we must understand a little set theory.

2.1.4 Set theory

We already know about sets, complements of sets, and the union and intersection of two sets. In
order to progress further we need to know the basic rules of set theory.

Commutative laws:

A∪B = B∪A

A∩B = B∩A

Associative laws:

(A∪B)∪C = A∪ (B∪C)
(A∩B)∩C = A∩ (B∩C)
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Distributive laws:

(A∪B)∩C = (A∩C)∪ (B∩C)
(A∩B)∪C = (A∪C)∩ (B∪C)

DeMorgan’s laws:

(A∪B)c = Ac∩Bc

(A∩B)c = Ac∪Bc

Disjoint union:

A∪B = (A∩Bc)∪ (Ac∩B)∪ (A∩B)

andA∩Bc, Ac∩B andA∩B are disjoint.

Venn diagrams can be useful for thinking about manipulating sets, but formal proofs of set-
theoretic relationships should only rely on use of the above laws.

2.2 Probability axioms and simple counting problems

2.2.1 Probability axioms and simple properties

Now that we have a good mathematical framework for understanding events in terms of sets, we
need a corresponding framework for understanding probabilities of events in terms of sets.

The real valued function P(·) is aprobability measureif it acts on subsets ofSand obeys the
following axioms:

I. P(S) = 1.

II. If A⊆ S then P(A)≥ 0.

III. If A andB aredisjoint (A∩B = /0) then

P(A∪B) = P(A)+ P(B) .

Repeated use of Axiom III gives the more general result that ifA1,A2, . . . ,An are mutually
disjoint, then

P

(
n⋃

i=1

Ai

)
=

n

∑
i=1

P(Ai) .

Indeed, we will assume further that the above result holds even if we have acountablyinfinite
collection of disjoint events (n = ∞).

These axioms seem to fit well with our intuitive understanding of probability, but there are a few
additional comments worth making.
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1. Axiom I says that one of the possible outcomes must occur. A probability of 1 is assigned to
the event “something occurs”. This fits in exactly with our definition of sample space. Note
however, that the implication does not go the other way! When dealing with infinite sample
spaces, there are often events of probability one which are not the sample space and events
of probability zero which are not the empty set.

2. Axiom II simply states that we wish to work only with positive probabilities, because in
some sense, probability measures thesizeof the set (event).

3. Axiom III says that probabilities “add up” — if we want to know the probability ofat most
one sibling, then this is the sum of the probabilities ofzero siblingsandone sibling. Allowing
this result to hold for countably infinite unions is slightly controversial, but it makes the
mathematics much easier, so we will assume it throughout!

These axioms are all we need to develop a theory of probability, but there are a collection of
commonly used properties which follow directly from these axioms, and which we make extensive
use of when carrying out probability calculations.

Property A: P(Ac) = 1− P(A).

Property B: P( /0) = 0.

Property C: If A⊆ B, then P(A)≤ P(B).

Property D: (Addition Law) P(A∪B) = P(A)+ P(B)− P(A∩B).

2.2.2 Interpretations of probability

Somehow, we all have an intuitive feel for the notion of probability, and the axioms seem to capture
its essence in a mathematical form. However, for probability theory to be anything other than an
interesting piece of abstract pure mathematics, it must have an interpretation that in some way
connects it to reality. If you wish only to study probability as a mathematical theory, then there is
no need to have an interpretation. However, if you are to use probability theory as your foundation
for a theory of statistical inference which makes probabilistic statements about the world around
us, then there must be an interpretation of probability which makes some connection between the
mathematical theory and reality.

Whilst there is (almost) unanimous agreement about the mathematics of probability, the axioms
and their consequences, there is considerable disagreement about the interpretation of probability.
The three most common interpretations are given below.

Classical interpretation

The classical interpretation of probability is based on the assumption of underlying equally likely
events. That is, for any events under consideration, there is always a sample space which can
be considered where all atomic events are equally likely. If this sample space is given, then the
probability axioms may be deduced from set-theoretic considerations.
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This interpretation is fine when it is obvious how to partition the sample space into equally
likely events, and is in fact entirely compatible with the other two interpretations to be described
in that case. The problem with this interpretation is that for many situations it is not at all obvious
what the partition into equally likely events is. For example, consider the probability that it rains
in Newcastle tomorrow. This is clearly a reasonable event to consider, but it is not at all clear what
sample space we should construct with equally likely outcomes. Consequently, the classical inter-
pretation falls short of being a good interpretation for real-world problems. However, it provides
a good starting point for a mathematical treatment of probability theory, and is the interpretation
adopted by many mathematicians and theoreticians.

Frequentist interpretation

An interpretation of probability widely adopted by statisticians is the relative frequency interpreta-
tion. This interpretation makes a much stronger connection with reality than the previous one, and
fits in well with traditional statistical methodology. Here probability only has meaning for events
from experiments which could in principle be repeated arbitrarily many times under essentially
identical conditions. Here, the probability of an event is simply the “long-run proportion” of times
that the event occurs under many repetitions of the experiment. It is reasonable to suppose that this
proportion will settle down to some limiting value eventually, which is the probability of the event.
In such a situation, it is possible to derive the axioms of probability from consideration of the long
run frequencies of various events. The probabilityp, of an eventE, is defined by

p = lim
n→∞

r
n

wherer is the number of timesE occurred inn repetitions of the experiment.
Unfortunately it is hard to make precise exactly why such a limiting frequency should exist. A

bigger problem however, is that the interpretation only applies to outcomes of repeatable experi-
ments, and there are many “one-off” events, such as “rain in Newcastle tomorrow”, that we would
like to be able to attach probabilities to.

Subjective interpretation

This final common interpretation of probability is somewhat controversial, but does not suffer from
the problems that the other interpretations do. It suggests that the association of probabilities to
events is a personal (subjective) process, relating to yourdegree of beliefin the likelihood of the
event occurring. It is controversial because it accepts thatdifferent people will assigndifferent
probabilities to thesame event. Whilst in some sense it gives up on an objective notion of prob-
ability, it is in no sense arbitrary. It can be defined in a precise way, from which the axioms of
probability may be derived as requirements of self-consistency.

A simple way to defineyour subjective probability that some eventE will occur is as follows.
Your probability is the numberp such that you consider£p to be afair price for a gamble which
will pay you£1 if E occurs and nothing otherwise.

So, if you consider 40p to be a fair price for a gamble which pays you£1 if it rains in Newcastle
tomorrow, then 0.4 is your subjective probability for the event. The subjective interpretation is
sometimes known as thedegree of belief interpretation, and is the interpretation of probability
underlying the theory ofBayesian Statistics(MAS359, MAS368, MAS451) — a powerful theory
of statistical inference named after Thomas Bayes, the 18th Century Presbyterian Minister who
first proposed it. Consequently, this interpretation of probability is sometimes also known as the
Bayesian interpretation.
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Summary

Whilst the interpretation of probability is philosophically very important, all interpretations lead
to the same set of axioms, from which the rest of probability theory is deduced. Consequently, for
this module, it will be sufficient to adopt a fairly classical approach, taking the axioms as given,
and investigating their consequences independently of the precise interpretation adopted.

2.2.3 Classical probability

Classical probability theory is concerned with carrying out probability calculations based onequally
likely outcomes. That is, it is assumed that the sample space has been constructed in such a way
that every subset of the sample space consisting of a single element has the same probability. If
the sample space containsn possible outcomes (#S= n), we must have for alls∈ S,

P({s}) =
1
n

and hence for allE ⊆ S

P(E) =
#E
n
.

More informally, we have

P(E) =
number of waysE can occur

total number of outcomes
.

Example

Suppose that a fair coin is thrown twice, and the results recorded. The sample space is

S= {HH,HT,TH,TT}.

Let us assume that each outcome is equally likely — that is, each outcome has a probability of
1/4. LetA denote the eventhead on the first toss, andB denote the eventhead on the second toss.
In terms of sets

A = {HH,HT}, B = {HH,TH}.

So

P(A) =
#A
n

=
2
4

=
1
2

and similarly P(B) = 1/2. If we are interested in the eventC = A∪B we can work out its proba-
bility using from the set definition as

P(C) =
#C
4

=
#(A∪B)

4
=

#{HH,HT,TH}
4

=
3
4

or by using the addition formula

P(C) = P(A∪B) = P(A)+ P(B)− P(A∩B) =
1
2

+
1
2
− P(A∩B) .
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Now A∩B = {HH}, which has probability 1/4, so

P(C) =
1
2

+
1
2
− 1

4
=

3
4
.

In this simple example, it seems easier to work directly with the definition. However, in more com-
plex problems, it is usually much easier to work out how many elements there are in an intersection
than in a union, making the addition law very useful.

2.2.4 The multiplication principle

In the above example we saw that there were two distinct experiments —first throwandsecond
throw. There were two equally likely outcomes for the first throw and two equally likely outcomes
for the second throw. This leads to a combined experiment with 2×2 = 4 possible outcomes. This
is an example of themultiplication principle.

Multiplication principle

If there arep experiments and the first hasn1 equally likely outcomes, the second hasn2 equally
likely outcomes, and so on until thepth experiment hasnp equally likely outcomes, then there are

n1×n2×·· ·np =
p

∏
i=1

ni

equally likely possible outcomes for thep experiments.

Example

A class of school children consists of 14 boys and 17 girls. The teacher wishes to pick one boy and
one girl to star in the school play. By the multiplication principle, she can do this in 14×17= 238
different ways.

Example

A die is thrown twice and the number on each throw is recorded. There are clearly 6 possible
outcomes for the first throw and 6 for the second throw. By the multiplication principle, there are
36 possible outcomes for the two throws. IfD is the eventa double-six, then since there is only
one possible outcome of the two throws which leads to a double-six, we must have P(D) = 1/36.

Now let E be the eventsix on the first throwandF be the eventsix on the second throw. We
know that P(E) = P(F) = 1/6. If we are interested in the eventG, at least one six, thenG= E∪F ,
and using the addition law we have

P(G) = P(E∪F)
= P(E)+ P(F)− P(E∩F)

=
1
6

+
1
6
− P(D)

=
1
6

+
1
6
− 1

36

=
11
36
.

This is much easier than trying to count how many of the 36 possible outcomes correspond toG.
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2.3 Permutations and combinations

2.3.1 Introduction

A repeated experiment often encountered is that ofrepeated samplingfrom a fixed collection
of objects. If we are allowed duplicate objects in our selection, then the procedure is known
assampling with replacement, if we are not allowed duplicates, then the procedure is known as
sampling without replacement.

Probabilists often like to think of repeated sampling in terms of drawing labelled balls from an
urn (randomly picking numbered balls from a large rounded vase with a narrow neck). Sometimes
the order in which the balls are drawn is important, in which case the set of draws made is referred
to as apermutation, and sometimes the order does not matter (like the six main balls in the National
Lottery), in which case set of draws is referred to as acombination. We want a way ofcounting
the number of possible permutations and combinations so that we can understand the probabilities
of different kinds of drawings occurring.

2.3.2 Permutations

Suppose that we have a collection ofn objects,C = {c1,c2, . . . ,cn}. We want to maker selections
from C. How many possibleorderedselections can we make?

If we are samplingwith replacement, then we haver experiments, and each hasn possible
(equally likely) outcomes, and so by the multiplication principle, there are

n×n×·· ·×n = nr

ways of doing this.
If we are samplingwithout replacement, then we haver experiments. The first experiment has

n possible outcomes. The second experiment only hasn−1 possible outcomes, as one object has
already been selected. The third experiment hasn−2 outcomes and so on until therth experiment,
which hasn− r + 1 possible outcomes. By the multiplication principle, the number of possible
selections is

n× (n−1)× (n−2)×·· ·× (n− r +1) =
n× (n−1)× (n−2)×·· ·×3×2×1
(n− r)× (n− r−1)×·· ·×3×2×1

=
n!

(n− r)!
.

This is a commonly encountered expression in combinatorics, and has its own notation. The num-
ber of ordered ways of selectingr objects fromn is denoted Pnr , where

Pn
r =

n!
(n− r)!

.

We refer to Pnr as the number of permutations ofr out of n objects. If we are interested solely in
the number of ways of arrangingn objects, then this is clearly just

Pn
n = n!

Example

A CD has 12 tracks on it, and these are to be played in random order. There are 12! ways of
selecting them. There is only one such ordering corresponding to the ordering on the box, so the
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probability of the tracks being played in the order on the box is 1/12! As we will see later, this is
considerably smaller than the probability of winning the National Lottery!

Suppose that you have time to listen to only 5 tracks before you go out. There are

P12
5 =

12!
7!

= 12×11×10×9×8 = 95,040

ways they could be played. Again, only one of these will correspond to the first 5 tracks on the box
(in the correct order), so the probability that the 5 played will be the first 5 on the box is 1/95040.

Example

In a computer practical session containing 40 students, what is the probability that at least two
students share a birthday?

First, let’s make some simplifying assumptions. We will assume that there are 365 days in a
year and that each day is equally likely to be a birthday.

Call the event we are interested inA. We will first calculate the probability ofAc, the probability
that no twopeople have the same birthday, and calculate the probability we want using P(A) =
1− P(Ac). The number of ways 40 birthdays could occur is like sampling 40 objects from 365
with replacement, which is just 36540. The number of ways we can have 40distinct birthdays is
like sampling 40 objects from 365without replacement, P365

40 . So, the probability of all birthdays
being distinct is

P(Ac) =
P365

40

36540 =
365!

325!36540 ≈ 0.1

and so

P(A) = 1− P(Ac)≈ 0.9.

That is, there is a probability of 0.9 that we have a match. In fact, the fact that birthdays arenot
distributed uniformly over the year makes the probability of a match even higher!

Unless you have a very fancy calculator, you may have to expand the expression a bit, and give
it to your calculator in manageable chunks. On the other hand, Maple loves expressions like this.

> 1-365!/(325!*365ˆ40);
> evalf(");

will give the correct answer. However, Maple also knows about combinatoric functions. The
following gives the same answer:

> with(combinat);
> 1-numbperm(365,40)/(365ˆ40);
> evalf(");

Similarly, the probability that there will be a birthday match in a group ofn people is

1− P365
n

365n .

We can define this as a Maple function, and evaluate it for some different values ofn as follows.
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> with(combinat);
> p := n -> evalf(1 - numbperm(365,n)/(365ˆn));
> p(10);
> p(20);
> p(22);
> p(23);
> p(40);
> p(50);

The probability of a match goes above 0.5 forn = 23. That is, you only need a group of 23 people
in order to have a better than evens chance of a match. This is a somewhat counter-intuitive result,
and the reason is that people think more intuitively about the probability that someone has the same
birthday asthemselves. This is an entirely different problem.

Suppose that you are one of a group of 40 students. What is the probability ofB, whereB is
the event that at least one other person in the group has the same birthday as you?

Again, we will work out P(Bc) first, the probability that no-one has your birthday. Now, there
are 36539 ways that the birthdays of the the other people can occur, and we allow each of them to
have any birthday other than yours, so there are 36439 ways for this to occur. Hence we have

P(Bc) =
36439

36539 ≈ 0.9

and so

P(B) = 1− 36439

36539 ≈ 0.1.

Here the probabilities are reversed — there is only a 10% chance that someone has the same
birthday as you. Most people find this much more intuitively reasonable. So, how big a group of
people would you need in order to have a better than evens chance of someone having the same
birthday as you? The general formula for the probability of a match withn people is

P(B) = 1− 364n−1

365n−1 = 1−
(

364
365

)n−1

,

and as long as you enter it into your calculator the way it is written on the right, it will be fine. We
find that a group of size 254 is needed for the probability to be greater than 0.5, and that a group of
800 or more is needed before you can be really confident that someone will have the same birthday
as you. For a group of size 150 (the size of the lectures), the probability of a match is about 1/3.

This problem illustrates quite nicely the subtlety of probability questions, the need to define
precisely the events you are interested in, and the fact that some probability questions have counter-
intuitive answers.

2.3.3 Combinations

We now have a way of counting permutations, but often when selecting objects, all that matters
is whichobjects were selected, not the order in which they were selected. Suppose that we have
a collection of objects,C = {c1, . . . ,cn} and that we wish to maker selections from this list of
objects,without replacement, where the order does not matter. An unordered selection such as this
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is referred to as acombination. How many ways can this be done? Notice that this is equivalent to
asking how many different subsets ofC of sizer there are.

From the multiplication principle, we know that the number oforderedsamples must be the
number ofunorderedsamples, multiplied by the number of orderings of each sample. So, the num-
ber of unordered samples is the number of ordered samples, divided by the number of orderings of
each sample. That is, the number of unordered samples is

number of ordered samples of sizer
number of orderings of samples of sizer

=
Pn

r

Pr
r

=
Pn

r

r!

=
n!

r!(n− r)!

Again, this is a very commonly found expression in combinatorics, so it has its own notation. In
fact, there are two commonly used expressions for this quantity:

Cn
r =

(
n
r

)
=

n!
r!(n− r)!

.

These numbers are known as thebinomial coefficients. We will use the notation

(
n
r

)
as this is

slightly neater, and more commonly used. They can be found as the(r + 1)th number on the
(n+1)th row ofPascal’s triangle:

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

1 6 15 20 15 6 1
...

...
...

Example

Returning to the CD with 12 tracks. You arrange for your CD player to play 5 tracks at random.
How many different unordered selections of 5 tracks are there, and what is the probability that the
5 tracks played are your 5 favourite tracks (in any order)?

The number of ways of choosing 5 tracks from 12 is just
(12

5

)
= 792. Since only one of these

will correspond to your favourite five, the probability of getting your favourite five is 1/792≈
0.001.

Example (National Lottery)

What is the probability of winning exactly£10 on the National Lottery?
In the UK National Lottery, there are 49 numbered balls, and six of these are selected at random.

A seventh ball is also selected, but this is only relevant if you get exactly five numbers correct. The
player selects six numbers before the draw is made, and after the draw, counts how many numbers
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are in common with those drawn. If the player has selected exactly three of the balls drawn, then
the player wins£10. The order the balls are drawn in is irrelevant.

We are interested in the probability that exactly 3 of the 6 numbers we select are drawn. First
we need to count the number of possible draws (the number of different sets of 6 numbers), and
then how many of those draws correspond to getting exactly three numbers correct. The number
of possible draws is the number of ways of choosing 6 objects from 49. This is(

49
6

)
= 13,983,816.

The number of drawings corresponding to getting exactly three right is calculated as follows. Re-
gard the six numbers you have chosen as your “good” numbers. Then of the 49 balls to be drawn
from, 6 correspond to your “good” numbers, and 43 correspond to your “bad” numbers. We want
to know how many ways there are of selecting 3 “good” numbers and 3 “bad” numbers. By the
multiplication principle, this is the number of ways of choosing 3 from 6, multiplied by the number
of ways of choosing 3 from 43. That is, there are(

6
3

)(
43
3

)
= 246,820

ways of choosing exactly 3 “good” numbers. So, the probability of getting exactly 3 numbers, and
winning£10 is (

6
3

)(
43
3

)
(

49
6

) ≈ 0.0177≈ 1
57
.

2.4 Conditional probability and the multiplication rule

2.4.1 Conditional probability

We now have a way of understanding the probabilities of events, but so far we have no way of
modifyingthose probabilities when certain events occur. For this, we need an extra axiom which
can be justified under any of the interpretations of probability. The axiom defines theconditional
probability of A given B, written P(A|B) as

P(A|B) =
P(A∩B)

P(B)
, for P(B)> 0.

Note that we can only condition on events with positive probability.
Under the classical interpretation of probability, we can see that if we are told thatB has

occurred, then all outcomes inB are equally likely, and all outcomes not inB have zero probability
— soB is the new sample space. The number of ways thatA can occur is now just the number of
waysA∩B can occur, and these are all equally likely. Consequently we have

P(A|B) =
#(A∩B)

#B
=

#(A∩B)/#S
#B/#S

=
P(A∩B)

P(B)
.
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Because conditional probabilities really just correspond to a new probability measure defined on a
smaller sample space, they obey all of the properties of “ordinary” probabilities. For example, we
have

P(B|B) = 1

P( /0|B) = 0

P(A∪C|B) = P(A|B)+ P(C|B) , for A∩C = /0

and so on.
The definition of conditional probability simplifies when one event is a special case of the other.

If A⊆ B, thenA∩B = A so

P(A|B) =
P(A)
P(B)

, for A⊆ B.

Example

A die is rolled and the number showing recorded. Given that the number rolled was even, what is
the probability that it was a six?

Let E denote the event “even” andF denote the event “a six”. ClearlyF ⊆ E, so

P(F |E) =
P(F)
P(E)

=
1/6
1/2

=
1
3
.

2.4.2 The multiplication rule

The formula for conditional probability is useful when we want to calculate P(A|B) from P(A∩B)
and P(B). However, more commonly we want to know P(A∩B) and we know P(A|B) and P(B).
A simple rearrangement gives us the multiplication rule.

P(A∩B) = P(B)× P(A|B)

Example

Two cards are dealt from a deck of 52 cards. What is the probability that they are both Aces?
We now have three different ways of computing this probability. First, let’s use conditional

probability. LetA1 be the event “first card an Ace” andA2 be the event “second card an Ace”.
P(A2|A1) is the probability of a second Ace. Given that the first card has been drawn and was an
Ace, there are 51 cards left, 3 of which are Aces, so P(A2|A1) = 3/51. So,

P(A1∩A2) = P(A1)× P(A2|A1)

=
4
52
× 3

51

=
1

221
.

Now let’s compute it by counting ordered possibilities. There are P52
2 ways of choosing 2 cards

from 52, and P42 of those ways correspond to choosing 2 Aces from 4, so

P(A1∩A2) =
P4

2

P52
2

=
12

2652
=

1
221

.
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Now let’s compute it by counting unordered possibilities. There are
(52

2

)
ways of choosing 2 cards

from 52, and
(4

2

)
of those ways correspond to choosing 2 Aces from 4, so

P(A1∩A2) =

(
4
2

)
(

52
2

) =
6

1326
=

1
221

.

If possible, you should always try and calculate probabilities more than one way (as it is very
easy to go wrong!). However, for counting problems where the order doesn’t matter, counting the
unordered possibilities using combinations will often be the only reasonable way, and for problems
which don’t correspond to a sampling experiment, using conditional probability will often be the
only reasonable way.

The multiplication rule generalises to more than two events. For example, for three events we
have

P(A1∩A2∩A3) = P(A1) P(A2|A1) P(A3|A1∩A2) .

2.5 Independent events, partitions and Bayes Theorem

2.5.1 Independence

Recall the multiplication rule

P(A∩B) = P(B) P(A|B) .

For some eventsA andB, knowing thatB has occurred will not alter the probability ofA, so that
P(A|B) = P(A). When this is so, the multiplication rule becomes

P(A∩B) = P(A) P(B) ,

and the eventsA andB are said to beindependent events. Independence is a very important concept
in probability theory, and is used a lot to build up complex events from simple ones. Do not
confuse the independence ofA andB with the exclusivity ofA andB — they are entirely different
concepts. IfA andB both have positive probability, then they cannot be both independent and
exclusive (exercise).

When it is clear that the occurrence ofB can have no influence onA, we will assumeinde-
pendence in order to calculate P(A∩B). However, if we can calculate P(A∩B) directly, we can
check the independence ofA andB by seeing if it is true that

P(A∩B) = P(A) P(B) .

We can generalise independence to collections of events as follows. The set of eventsA =
{A1,A2, . . . ,An} aremutually independent eventsif for any subset, B⊆ A, B = {B1,B2, . . . ,Br},
r ≤ n we have

P(B1∩·· ·∩Br) = P(B1)×·· ·× P(Br) .

Note that mutual independence is much stronger thatpair-wiseindependence, where we only re-
quire independence of subsets of size 2. That is, pair-wise independencedoes notimply mutual
independence.
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Example

A playing card is drawn from a pack. LetA be the event “an Ace is drawn” and letC be the event
“a Club is drawn”. Are the eventsA andC exclusive? Are they independent?

A andC are clearly not exclusive, since they can both happen — when the Ace of Clubs is
drawn. Indeed, since this is the only way it can happen, we know that P(A∩C) = 1/52. We also
know that P(A) = 1/13 and that P(C) = 1/4. Now since

P(A) P(C) =
1
13
× 1

4

=
1
52

= P(A∩C)

we know thatA andC are independent. Of course, this is intuitively obvious — you are no more
or less likely to think you have an Ace if someone tells you that you have a Club.

2.5.2 Partitions

A partition of a sample space is simply the decomposition of the sample space into a collection of
mutuallyexclusiveevents with positive probability. That is,{B1, . . . ,Bn} form apartition of S if

• S= B1∪B2∪·· ·∪Bn =
n⋃

i=1

Bi ,

• Bi ∩B j = /0, ∀i 6= j,

• P(Bi)> 0, ∀i.

Example

A card is randomly drawn from the pack. The events{C,D,H,S} (Club, Diamond, Heart, Spade)
form a partition of the sample space, since one and only one will occur, and all can occur.

2.5.3 Theorem of total probability

Suppose that we have a partition{B1, . . . ,Bn} of a sample space,S. Suppose further that we have
an eventA. ThenA can be written as the disjoint union

A = (A∩B1)∪·· ·∪ (A∩Bn),

and so the probability ofA is given by

P(A) = P((A∩B1)∪·· ·∪ (A∩Bn))
= P(A∩B1)+ · · ·+ P(A∩Bn) , by Axiom III

= P(A|B1) P(B1)+ · · ·+ P(A|Bn) P(Bn) , by the multiplication rule

=
n

∑
i=1

P(A|Bi) P(Bi) .
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Example (“Craps”)

Craps is a game played with a pair of dice. A player plays against a banker. The player throws the
dice and notes the sum.

• If the sum is 7 or 11, the player wins, and the game ends (anatural).

• If the sum is 2, 3 or 12, the player looses and the game ends (acrap).

• If the sum is anything else, the sum is called the playerspoint, and the player keeps throwing
the dice until his sum is 7, in which case he looses, or he throws hispoint again, in which
case he wins.

What is the probability that the player wins?

2.5.4 Bayes Theorem

From the multiplication rule, we know that

P(A∩B) = P(B) P(A|B)

and that

P(A∩B) = P(A) P(B|A) ,

so clearly

P(B) P(A|B) = P(A) P(B|A) ,

and so

P(A|B) =
P(B|A) P(A)

P(B)
.

This is known asBayes Theorem, and is a very important result in probability, as it tells us how to
“turn conditional probabilities around” — that is, it tells us how to work out P(A|B) from P(B|A),
and this is often very useful.

Example

A clinic offers you a free test for a very rare, but hideous disease. The test they offer is very
reliable. If you have the disease it has a 98% chance of giving a positive result, and if you don’t
have the disease, it has only a 1% chance of giving a positive result. You decide to take the test,
and find that you test positive — what is the probability that you have the disease?

Let P be the event “test positive” andD be the event “you have the disease”. We know that

P(P|D) = 0.98 and that P(P|Dc) = 0.01.
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We want to know P(D|P), so we use Bayes’ Theorem.

P(D|P) =
P(P|D) P(D)

P(P)

=
P(P|D) P(D)

P(P|D) P(D)+ P(P|Dc) P(Dc)
(using the theorem of total probability)

=
0.98 P(D)

0.98 P(D)+0.01(1− P(D))
.

So we see that the probability you have the disease given the test result depends on the probability
that you had the disease in the first place. This is a rare disease, affecting only one in ten thousand
people, so that P(D) = 0.0001. Substituting this in gives

P(D|P) =
0.98×0.0001

0.98×0.0001+0.01×0.9999
' 0.01.

So, your probability of having the disease has increased from 1 in 10,000 to 1 in 100, but still isn’t
that much to get worried about! Note thecrucial difference between P(P|D) and P(D|P).

2.5.5 Bayes Theorem for partitions

Another important thing to notice about the above example is the use of the theorem of total
probability in order to expand the bottom line of Bayes Theorem. In fact, this is done so often that
Bayes Theorem is often stated in this form.

Suppose that we have a partition{B1, . . . ,Bn} of a sample spaceS. Suppose further that we
have an eventA, with P(A)> 0. Then, for eachB j , the probability ofB j givenA is

P
(
B j |A

)
=

P
(
A|B j

)
P
(
B j
)

P(A)

=
P
(
A|B j

)
P
(
B j
)

P(A|B1) P(B1)+ · · ·+ P(A|Bn) P(Bn)

=
P
(
A|B j

)
P
(
B j
)

n

∑
i=1

P(A|Bi) P(Bi)
.

In particular, if the partition is simply{B,Bc}, then this simplifies to

P(B|A) =
P(A|B) P(B)

P(A|B) P(B)+ P(A|Bc) P(Bc)
.
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Chapter 3

Discrete Probability Models

3.1 Introduction, mass functions and distribution functions

3.1.1 Introduction

We now have a good understanding of basic probabilistic reasoning. We have seen how to relate
events to sets, and how to calculate probabilities for events by working with the sets that represent
them. So far, however, we haven’t developed any special techniques for thinking aboutrandom
quantities. Discrete probability modelsprovide a framework for thinking aboutdiscrete random
quantities, andcontinuous probability models(to be considered in the next chapter) form a frame-
work for thinking aboutcontinuousrandom quantities.

Example

Consider the sample space for tossing a fair coin twice:

S= {HH,HT,TH,TT}.

These outcomes are equally likely. There are several random quantities we could associate with
this experiment. For example, we could count the number of heads, or the number of tails.

Formally, arandom quantityis a real valued function which acts onelementsof the sample
space (outcomes). That is, to each outcome, the random variable assigns a real number. Random
quantities (sometimes known asrandom variables) are always denoted by upper case letters.

In our example, if we letX be the number of heads, we have

X(HH) = 2,

X(HT) = 1,

X(TH) = 1,

X(TT) = 0.

The observed value of a random quantity is the number corresponding to the actual outcome. That
is, if the outcome of an experiment iss∈ S, thenX(s) ∈ IR is the observed value. This observed
value is always denoted with a lower case letter — herex. ThusX = x means that the observed
value of the random quantity,X is the numberx. The set of possible observed values forX is

SX = {X(s)|s∈ S}.
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For the above example we have

SX = {0,1,2}.

Clearly here the values are not all equally likely.

Example

Roll one die and call the random number which is uppermostY. The sample space for therandom
quantity Yis

SY = {1,2,3,4,5,6}

and these outcomes are all equally likely. Now roll two dice and call their sumZ. The sample
space forZ is

SZ = {2,3,4,5,6,7,8,9,10,11,12}

and these outcomes arenot equally likely. However, we know the probabilities of the events
corresponding to each of these outcomes, and we could display them in a table as follows.

Outcome 2 3 4 5 6 7 8 9 10 11 12
Probability 1/36 2/36 3/36 4/36 5/36 6/36 5/36 4/36 3/36 2/36 1/36

This is essentially a tabulation of theprobability mass functionfor the random quantityZ.

3.1.2 Probability mass functions (PMFs)

For any discrete random variableX, we define theprobability mass function(PMF) to be the
function which gives the probability of eachx∈ SX. Clearly we have

P(X = x) = ∑
{s∈S|X(s)=x}

P({s}) .

That is, the probability of getting a particular number is the sum of the probabilities of all those
outcomes which have that number associated with them. Also P(X = x)≥ 0 for eachx∈ SX, and
P(X = x) = 0 otherwise. The set of all pairs{(x, P(X = x))|x∈ SX} is known as theprobability
distributionof X.

Example

For the example above concerning the sum of two dice, the probability distribution is

{(2,1/36),(3,2/36),(4,3/36),(5,4/36),(6,5/36),(7,6/36),
(8,5/36),(9,4/36),(10,3/36),(11,2/36),(12,1/36)}

and the probability mass function can be tabulated as

x 2 3 4 5 6 7 8 9 10 11 12
P(X = x) 1/36 2/36 3/36 4/36 5/36 6/36 5/36 4/36 3/36 2/36 1/36

37



and plotted graphically as follows.
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3.1.3 Cumulative distribution functions (CDFs)

For any discrete random quantity,X, we clearly have

∑
x∈SX

P(X = x) = 1

as every outcome has some number associated with it. It can often be useful to know the probability
that your random number is no greater than some particular value. With that in mind, we define
thecumulative distribution function,

FX(x) = P(X ≤ x) = ∑
{y∈SX |y≤x}

P(X = y) .

Example

For the sum of two dice, the CDF can be tabulated for the outcomes as

x 2 3 4 5 6 7 8 9 10 11 12
FX(x) 1/36 3/36 6/36 10/36 15/36 21/36 26/36 30/36 33/36 35/36 36/36

but it is important to note that the CDF is definedfor all real numbers— not just the possible
values. In our example we have

FX(−3) = P(X ≤−3) = 0,

FX(4.5) = P(X ≤ 4.5) = P(X ≤ 4) = 6/36,

FX(25) = P(X ≤ 25) = 1.

We may plot the CDF for our example as follows.
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It is clear that for any random variableX, for all x∈ IR, FX(x) ∈ [0,1] and thatFX(x)→ 0 as
x→−∞ andFX(x)→ 1 asx→+∞.

3.2 Expectation and variance for discrete random quantities

3.2.1 Expectation

Just as it is useful to summarise data (Chapter 1), it is just as useful to be able to summarise the
distribution of random quantities. Thelocation measureused to summarise random quantities is
known as theexpectationof the random quantity. It is the “centre of mass” of the probability
distribution. The expectation of a discrete random quantityX, written E(X) is defined by

E(X) = ∑
x∈SX

x P(X = x) .

The expectation is often denoted byµX or even justµ. Note that the expectation is a known function
of the probability distribution. It isnot a random quantity, and in particular, it isnot the sample
mean of a set of data (random or otherwise). In fact, there is arelationshipbetween the sample
mean of a set of data and the expectation of the underlying probability distribution generating the
data, but this is to be made precise in Semester 2.

Example

For the sum of two dice,X, we have

E(X) = 2× 1
36

+3× 2
36

+4× 3
36

+ · · ·+12× 1
36

= 7.

By looking at the symmetry of the mass function, it is clear that in some sense 7 is the “central”
value of the probability distribution.

3.2.2 Variance

We now have a method for summarising the location of a given probability distribution, but we
also need a summary for thespread. For a discrete random quantityX, thevarianceof X is defined
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by

Var(X) = ∑
x∈SX

{
(x− E(X))2 P(X = x)

}
.

The variance is often denotedσ2
X, or even justσ2. Again, this is a known function of the probability

distribution. It is not random, and it is not thesamplevariance of a set of data. Again, the two are
related in a way to be made precise later. The variance can be re-written as

Var(X) = ∑
xi∈SX

x2
i P(X = xi)− [ E(X)]2,

and this expression is usually a bit easier to work with. We also define thestandard deviationof a
random quantity by

SD(X) =
√

Var(X),

and this is usually denoted byσX or justσ.

Example

For the sum of two dice,X, we have

∑
xi∈SX

x2
i P(X = xi) = 22× 1

36
+32× 2

36
+42× 3

36
+ · · ·+122× 1

36
=

329
6

and so

Var(X) =
329
6
−72 =

35
6
,

and

SD(X) =

√
35
6
.

3.3 Properties of expectation and variance

One of the reasons that expectation is widely used as a measure of location for probability distri-
butions is the fact that it has many desirable mathematical properties which make it elegant and
convenient to work with. Indeed, many of the nice properties of expectation lead to corresponding
nice properties for variance, which is one of the reasons why variance is widely used as a measure
of spread.

3.3.1 Expectation of a function of a random quantity

Suppose thatX is a discrete random quantity, and thatY is another random quantity that is a known
function ofX. That is,Y = g(X) for some functiong(·). What is the expectation ofY?
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Example

Throw a die, and letX be the number showing. We have

SX = {1,2,3,4,5,6}

and each value is equally likely. Now suppose that we are actually interested in the square of the
number showing. Define a new random quantityY = X2. Then

SY = {1,4,9,16,25,36}

and clearly each of these values is equally likely. We therefore have

E(Y) = 1× 1
6

+4× 1
6

+ · · ·+36× 1
6

=
91
6
.

The above example illustrates the more general result, that forY = g(X), we have

E(Y) = ∑
x∈SX

g(x) P(X = x) .

Note that in generalE(g(X)) 6= g( E(X)). For the above example, E
(
X2
)

= 91/6' 15.2, and

E(X)2 = 3.52 = 12.25.
We can use this more general notion of expectation in order to redefine variance purely in terms

of expectation as follows:

Var(X) = E
(
[X− E(X)]2

)
= E

(
X2)− E(X)2 .

Having said that E(g(X)) 6= g( E(X)) in general, it does in fact hold in the (very) special, but
important case whereg(·) is a linear function.

3.3.2 Expectation of a linear transformation

If we have a random quantityX, and a linear transformation,Y = aX+b, wherea andb are known
real constants, then we have that

E(aX+b) = a E(X)+b.

We can show this as follows:

E(aX+b) = ∑
x∈SX

(ax+b) P(X = x)

= ∑
x∈SX

axP(X = x)+ ∑
x∈SX

b P(X = x)

= a ∑
x∈SX

x P(X = x)+b ∑
x∈SX

P(X = x)

= a E(X)+b.
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3.3.3 Expectation of the sum of two random quantities

For two random quantitiesX andY, the expectation of their sum is given by

E(X +Y) = E(X)+ E(Y) .

Note that this result is true irrespective of whether or notX andY are independent. Let us see why.
First,

SX+Y = {x+y|(x∈ SX)∩ (y∈ SY)},
and so

E(X +Y) = ∑
(x+y)∈SX+Y

(x+y) P((X = x)∩ (Y = y))

= ∑
x∈SX

∑
y∈SY

(x+y) P((X = x)∩ (Y = y))

= ∑
x∈SX

∑
y∈SY

x P((X = x)∩ (Y = y))

+ ∑
x∈SX

∑
y∈SY

y P((X = x)∩ (Y = y))

= ∑
x∈SX

∑
y∈SY

x P(X = x) P(Y = y|X = x)

+ ∑
y∈SY

∑
x∈SX

y P(Y = y) P(X = x|Y = y)

= ∑
x∈SX

x P(X = x) ∑
y∈SY

P(Y = y|X = x)

+ ∑
y∈SY

y P(Y = y) ∑
x∈SX

P(X = x|Y = y)

= ∑
x∈SX

x P(X = x)+ ∑
y∈SY

y P(Y = y)

= E(X)+ E(Y) .

3.3.4 Expectation of an independent product

If X andY areindependentrandom quantities, then

E(XY) = E(X) E(Y) .

To see why, note that

SXY = {xy|(x∈ SX)∩ (y∈ SY)},
and so

E(XY) = ∑
xy∈SXY

xyP((X = x)∩ (Y = y))

= ∑
x∈SX

∑
y∈SY

xyP(X = x) P(Y = y)

= ∑
x∈SX

x P(X = x) ∑
y∈SY

y P(Y = y)

= E(X) E(Y)

Note that here it isvital thatX andY are independent, or the result does not hold.
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3.3.5 Variance of an independent sum

If X andY areindependentrandom quantities, then

Var(X +Y) = Var(X)+Var(Y) .

To see this, write

Var(X +Y) = E
(
[X +Y]2

)
− [ E(X +Y)]2

= E
(
X2 +2XY+Y2)− [ E(X)+ E(Y)]2

= E
(
X2)+2 E(XY)+ E

(
Y2)− E(X)2−2 E(X) E(Y)− E(Y)2

= E
(
X2)+2 E(X) E(Y)+ E

(
Y2)− E(X)2−2 E(X) E(Y)− E(Y)2

= E
(
X2)− E(X)2 + E

(
Y2)− E(Y)2

= Var(X)+Var(Y)

Again, it is vital thatX andY are independent, or the result does not hold. Notice that this implies
a slightly less attractive result for the standard deviation of the sum of two independent random
quantities,

SD(X +Y) =
√

SD(X)2 +SD(Y)2,

which is why it is often more convenient to work with variances.

3.4 The binomial distribution

3.4.1 Introduction

Now that we have a good understanding of discrete random quantities and their properties, we
can go on to look at a few of the standard families of discrete random variables. One of the most
commonly encountered discrete distributions is the binomial distribution. This is the distribution
of the number of “successes” in a series of independent “success”/“fail” trials. Before we look at
this, we need to make sure we understand the case of a single trial.

3.4.2 Bernoulli random quantities

Suppose that we have an eventE in which we are interested, and we write its sample space as

S= {E,Ec}.

We can associate a random quantity with this sample space, traditionally denotedI , asI(E) = 1,
I(Ec) = 0. So, if P(E) = p, we have

SI = {0,1},

and P(I = 1) = p, P(I = 0) = 1− p. This random quantity,I is known as anindicator variable,
and is often useful for constructing more complex random quantities. We write

I ∼ Bern(p).
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We can calculate its expectation and variance as follows.

E(I) = 0× (1− p)+1× p = p

E
(
I2)= 02× (1− p)+12× p = p

Var(I) = E
(
I2)− E(I)2

= p− p2 = p(1− p)

With these results, we can now go on to understand the binomial distribution.

3.4.3 The binomial distribution

The binomial distribution is the distribution of the number of “successes” in a series ofn inde-
pendent “trials”, each of which results in a “success” (with probabilityp) or a “failure” (with
probability 1− p). If the number of successes isX, we would write

X ∼ B(n, p)

to indicate thatX is a binomial random quantity based onn independent trials, each occurring with
probability p.

Examples

1. Toss a fair coin 100 times and letX be the number of heads. ThenX ∼ B(100,0.5).

2. A certain kind of lizard lays 8 eggs, each of which will hatch independently with probability
0.7. LetY denote the number of eggs which hatch. ThenY ∼ B(8,0.7).

Let us now derive the probability mass function forX ∼ B(n, p). ClearlyX can take on any value
from 0 up ton, and no other. Therefore, we simply have to calculate P(X = k) for k = 0,1,2, . . . ,n.
The probability ofk successes followed byn−k failures is clearlypk(1− p)n−k. Indeed, this is the
probability ofanyparticular sequence involvingk successes. There are

(n
k

)
such sequences, so by

the multiplication principle, we have

P(X = k) =
(

n
k

)
pk(1− p)n−k, k = 0,1,2, . . . ,n.

Now, using the binomial theorem, we have

n

∑
k=0

P(X = k) =
n

∑
k=0

(
n
k

)
pk(1− p)n−k = (p+[1− p])n = 1n = 1,

and so this does define a valid probability distribution.

Examples

For the lizard eggs,Y ∼ B(8,0.7) we have

P(Y = k) =
(

8
k

)
0.7k0.38−k, k = 0,1,2, . . . ,8.

We can therefore tabulate and plot the probability mass function and cumulative distribution func-
tion as follows.
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k 0 1 2 3 4 5 6 7 8
P(Y = k) 0.00 0.00 0.01 0.05 0.14 0.25 0.30 0.20 0.06

FY(k) 0.00 0.00 0.01 0.06 0.19 0.45 0.74 0.94 1.00
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Similarly, the PMF and CDF forX ∼ B(100,0.5) (number of heads from 100 coin tosses) can be
plotted as follows.
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3.4.4 Expectation and variance of a binomial random quantity

It is possible (but a little messy) to derive the expectation and variance of the binomial distribution
directly from the PMF. However, we can deduce them rather more elegantly if we recognise the
relationship between the binomial and Bernoulli distributions. IfX ∼ B(n, p) then

X =
n

∑
j=1

I j
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whereI j ∼ Bern(p), j = 1,2, . . . ,n, and theI j are mutually independent. So we then have

E(X) = E

(
n

∑
j=1

I j

)

=
n

∑
j=1

E
(
I j
)

(expectation of a sum)

=
n

∑
j=1

p

= np

and similarly,

Var(X) = Var

(
n

∑
j=1

I j

)

=
n

∑
j=1

Var
(
I j
)

(variance of independent sum)

=
n

∑
j=1

p(1− p)

= np(1− p).

Examples

For the coin tosses,X ∼ B(100,0.5),

E(X) = np= 100×0.5 = 50,

Var(X) = np(1− p) = 100×0.52 = 25,

and so

SD(X) = 5.

Similarly, for the lizard eggs,Y ∼ B(8,0.7),

E(Y) = np= 8×0.7 = 5.6,

Var(Y) = np(1− p) = 8×0.7×0.3 = 1.68

and so

SD(Y) = 1.30.

3.5 The geometric distribution

3.5.1 PMF

The geometric distribution is the distribution of the number of independent Bernoulli trials until
the first success is encountered. IfX is the number of trials until a success is encountered, and each
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independent trial has probabilityp of being a success, we write

X ∼Geom(p).

ClearlyX can take on any positive integer, so to deduce the PMF, we need to calculate P(X = k)
for k = 1,2,3, . . . . In order to haveX = k, we must have an ordered sequence ofk− 1 failures
followed by one success. By the multiplication rule therefore,

P(X = k) = (1− p)k−1p, k = 1,2,3, . . . .

3.5.2 CDF

For the geometric distribution, it is possible to calculate an analytic form for the CDF as follows.
If X ∼Geom(p), then

FX(k) = P(X ≤ k)

=
k

∑
j=1

(1− p) j−1p

= p
k

∑
j=1

(1− p) j−1

= p× 1− (1− p)k

1− (1− p)
(geometric series)

= 1− (1− p)k.

Consequently there is no need to tabulate the CDF of the geometric distribution. Also note that the
CDF tends to one ask increases. This confirms that the PMF we defined does determine a valid
probability distribution.

Example

Suppose that we are interested in playing a game where the probability of winning is 0.2 on any
particular turn. IfX is the number of turns until the first win, thenX ∼Geom(0.2). The PMF and
CDF forX are plotted below.
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3.5.3 Useful series in probability

Notice that we used the sum of a geometric series in the derivation of the CDF. There are many
other series that crop up in the study of probability. A few of the more commonly encountered
series are listed below.

n

∑
i=1

ai−1 =
1−an

1−a
(a> 0)

∞

∑
i=1

ai−1 =
1

1−a
(0< a< 1)

∞

∑
i=1

iai−1 =
1

(1−a)2 (0< a< 1)

∞

∑
i=1

i2ai−1 =
1+a

(1−a)3 (0< a< 1)

n

∑
i=1

i =
n(n+1)

2
n

∑
i=1

i2 =
1
6

n(n+1)(2n+1).

We will use two of these in the derivation of the expectation and variance of the geometric distri-
bution.

3.5.4 Expectation and variance of geometric random quantities

Suppose thatX ∼Geom(p). Then

E(X) =
∞

∑
i=1

i P(X = i)

=
∞

∑
i=1

i(1− p)i−1p

= p
∞

∑
i=1

i(1− p)i−1

= p× 1
(1− [1− p])2

=
p
p2

=
1
p
.
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Similarly,

E
(
X2)=

∞

∑
i=1

i2 P(X = i)

=
∞

∑
i=1

i2(1− p)i−1p

= p
∞

∑
i=1

i2(1− p)i−1

= p× 1+[1− p]
(1− [1− p])3

= p× 2− p
p3

=
2− p

p2 ,

and so

Var(X) = E
(
X2)− E(X)2

=
2− p

p2 −
1
p2

=
1− p

p2 .

Example

For X ∼Geom(0.2) we have

E(X) =
1
p

=
1

0.2
= 5

Var(X) =
1− p

p2 =
0.8
0.22 = 20.

3.6 The Poisson distribution

The Poisson distribution is a very important discrete probability distribution, which arises in many
different contexts in probability and statistics. Typically, Poisson random quantities are used in
place of binomial random quantities in situations wheren is large,p is small, and the expectation
np is stable.

Example

Consider the number of calls made in a 1 minute interval to an Internet service provider (ISP). The
ISP has thousands of subscribers, but each one will call with a very small probability. The ISP
knows that on average 5 calls will be made in the interval. The actual number of calls will be a
Poisson random variable, with mean 5.

A Poisson random variable,X with parameterλ is written as

X ∼ P(λ)

49



3.6.1 Poisson as the limit of a binomial

Let X ∼ B(n, p). Putλ = E(X) = npand letn increase andp decrease so thatλ remains constant.

P(X = k) =
(

n
k

)
pk(1− p)n−k, k = 0,1,2, . . . ,n.

Replacingp by λ/n gives

P(X = k) =
(

n
k

)(
λ
n

)k(
1− λ

n

)n−k

=
n!

k!(n−k)!

(
λ
n

)k(
1− λ

n

)n−k

=
λk

k!
n!

(n−k)!nk

(1−λ/n)n

(1−λ/n)k

=
λk

k!
n
n

(n−1)
n

(n−2)
n
· · · (n−k+1)

n
(1−λ/n)n

(1−λ/n)k

→ λk

k!
×1×1×1×·· ·×1× e−λ

1
, asn→ ∞

=
λk

k!
e−λ.

To see the limit, note that(1−λ/n)n→ e−λ asn increases (compound interest formula).

3.6.2 PMF

If X ∼ P(λ), then the PMF ofX is

P(X = k) =
λk

k!
e−λ, k = 0,1,2,3, . . . .

Example

The PMF and CDF ofX ∼ P(5) are given below.
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Note that the CDF does seem to tend to 1 asn increases. However, we do need to verify that the
PMF we have adopted forX∼P(λ) does indeed define a valid probability distribution, by ensuring
that the probabilities do sum to one:

P(SX) =
∞

∑
k=0

P(X = k)

=
∞

∑
k=0

λk

k!
e−λ

= e−λ
∞

∑
k=0

λk

k!
= e−λeλ = 1.

3.6.3 Expectation and variance of Poisson

If X ∼ P(λ), we have

E(X) =
∞

∑
k=0

k P(X = k)

=
∞

∑
k=1

k P(X = k)

=
∞

∑
k=1

k
λk

k!
e−λ

=
∞

∑
k=1

λk

(k−1)!
e−λ

= λ
∞

∑
k=1

λk−1

(k−1)!
e−λ

= λ
∞

∑
j=0

λ j

j!
e−λ (putting j = k−1)

= λ
∞

∑
j=0

P(X = j)

= λ.
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Similarly,

E
(
X2)=

∞

∑
k=0

k2 P(X = k)

=
∞

∑
k=1

k2 P(X = k)

=
∞

∑
k=1

k2λk

k!
e−λ

= λ
∞

∑
k=1

k
λk−1

(k−1)!
e−λ

= λ
∞

∑
j=0

( j +1)
λ j

j!
e−λ (putting j = k−1)

= λ

[
∞

∑
j=0

j
λ j

j!
e−λ +

∞

∑
j=0

λ j

j!
e−λ

]

= λ

[
∞

∑
j=0

j P(X = j)+
∞

∑
j=0

P(X = j)

]
= λ [ E(X)+1]
= λ(λ +1)

= λ2 + λ.

So,

Var(X) = E
(
X2)− E(X)2

= [λ2 + λ]−λ2

= λ.

That is, the mean and variance are bothλ.

3.6.4 Sum of Poisson random quantities

One of the particularly convenient properties of the Poisson distribution is that the sum of two
independent Poisson random quantities is also a Poisson random quantity. IfX ∼ P(λ) andY ∼
P(µ) andX andY are independent, thenZ = X +Y ∼ P(λ + µ). Clearly this result extends to the
sum of many independent Poisson random variables. The proof is straightforward, but is a little
messy, and hence omitted from this course.

Example

Returning to the example of calls received by an ISP. The number of calls in 1 minute isX ∼ P(5).
Suppose that the number of calls in the following minute isY ∼ P(5), and thatY is independent
of X. Then, by the above result,Z = X +Y, the number of calls in the two minute period is Poisson
with parameter 10. Extending this in the natural way, we see that the number of calls int minutes
is Poisson with parameter 5t. This motivates the following definition.
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3.6.5 The Poisson process

A sequence of timed observations is said to follow aPoisson processwith rate λ if the number of
observations,X, in any interval of lengtht is such that

X ∼ P(λt).

Example

For the ISP example, the sequence of incoming calls follow a Poisson process with rate 5 (per
minute).
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Chapter 4

Continuous Probability Models

4.1 Introduction, PDF and CDF

4.1.1 Introduction

We now a have a fairly good understanding of discrete probability models, but as yet we haven’t
developed any techniques for handling continuous random quantities. These are random quantities
with a sample space which is neither finite nor countably infinite. The sample space is usually
taken to be the real line, or a part thereof. Continuous probability models are appropriate if the
result of an experiment is a continuousmeasurement, rather than acountof a discrete set.

If X is a continuous random quantity with sample spaceSX, then for any particulara∈ SX, we
generally have that

P(X = a) = 0.

This is because the sample space is so “large” and every possible outcome so “small” that the
probability of anyparticular value is vanishingly small. Therefore the probability mass function
we defined for discrete random quantities is inappropriate for understanding continuous random
quantities. In order to understand continuous random quantities, we need a little calculus.

4.1.2 The probability density function

If X is a continuousrandom quantity, then there exists a functionfX(x), called theprobability
density function(PDF), which satisfies the following:

1. fX(x)≥ 0, ∀x;

2.
∫ ∞

−∞
fX(x)dx= 1;

3. P(a≤ X ≤ b) =
∫ b

a
fX(x)dx for anya andb.
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Consequently we have

P(x≤ X ≤ x+ δx) =
∫ x+δx

x
fX(y)dy

' fX(x)δx, (for smallδx)

⇒ fX(x)' P(x≤ X ≤ x+ δx)
δx

and so we may interpret the PDF as

fX(x) = lim
δx→0

P(x≤ X ≤ x+ δx)
δx

.

Example

The manufacturer of a certain kind of light bulb claims that the lifetime of the bulb in hours,X can
be modelled as a random quantity with PDF

fX(x) =

{
0, x< 100
c
x2 , x≥ 100,

wherec is a constant. What value mustc take in order for this to define a valid PDF? What is the
probability that the bulb lasts no longer than 150 hours? Given that a bulb lasts longer than 150
hours, what is the probability that it lasts longer than 200 hours?

Notes

1. Remember that PDFs arenot probabilities. For example, the density can take values greater
than 1 in some regions as long as it still integrates to 1.

2. It is sometimes helpful to think of a PDF as the limit of a relative frequency histogram for
many realisations of the random quantity, where the number of realisations is very large and
the bin widths are very small.

3. Because P(X = a) = 0, we have P(X ≤ k) = P(X < k) for continuous random quantities.

4.1.3 The distribution function

In the last chapter, we defined the cumulativedistribution functionof a random variableX to be

FX(x) = P(X ≤ x) , ∀x.

This definition works just as well for continuous random quantities, and is one of the many reasons
why the distribution function is so useful. For a discrete random quantity we had

FX(x) = P(X ≤ x) = ∑
{y∈SX |y≤x}

P(X = y) ,
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but for a continuous random quantity we have the continuous analogue

FX(x) = P(X ≤ x)
= P(−∞≤ X ≤ x)

=
∫ x

−∞
fX(z)dz.

Just as in the discrete case, the distribution function is defined for allx ∈ IR, even if the sample
spaceSX is not the whole of the real line.

Properties

1. Since it represents a probability,FX(x) ∈ [0,1].

2. FX(−∞) = 0 andFX(∞) = 1.

3. If a< b, thenFX(a)≤ FX(b). ie. FX(·) is a non-decreasing function.

4. WhenX is continuous,FX(x) is continuous. Also, by the Fundamental Theorem of Calculus,
we have

d
dx

FX(x) = fX(x),

and so theslopeof the CDFFX(x) is the PDFfX(x).

Example

For the light bulb lifetime,X, the distribution function is

FX(x) =

0, x< 100

1− 100
x
, x≥ 100.

4.1.4 Median and quartiles

Themedianof a random quantity is the valuem which is the “middle” of the distribution. That is,
it is the valuem such that

P(X ≤m) = P(X ≥m) =
1
2
.

Equivalently, it is the value,m such that

FX(m) = 0.5.

Similarly, thelower quartileof a random quantity is the valuel such that

FX(l) = 0.25,

and theupper quartileis the valueu such that

FX(u) = 0.75.
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Example

For the light bulb lifetime,X, what is the median, upper and lower quartile of the distribution?

4.2 Properties of continuous random quantities

4.2.1 Expectation and variance of continuous random quantities

Theexpectationor meanof a continuous random quantityX is given by

E(X) =
∫ ∞

−∞
x fX(x)dx,

which is just the continuous analogue of the corresponding formula for discrete random quantities.
Similarly, thevarianceis given by

Var(X) =
∫ ∞

−∞
[x− E(X)]2 fX(x)dx

=
∫ ∞

−∞
x2 fX(x)dx− [ E(X)]2.

Note that the expectation ofg(X) is given by

E(g(X)) =
∫ ∞

−∞
g(x) fX(x)dx

and so the variance is just

Var(X) = E
(
[X− E(X)]2

)
= E

(
X2)− [ E(X)]2

as in the discrete case. Note also that all of the properties of expectation and variance derived for
discrete random quantities also hold true in the continuous case.

Example

Consider the random quantityX, with PDF

fX(x) =

{
3
4(2x−x2), 0< x< 2

0, otherwise.

Check that this is a valid PDF (it integrates to 1). Calculate the expectation and variance ofX.
Evaluate the distribution function. What is the median of this distribution?
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4.2.2 PDF and CDF of a linear transformation

Let X be a continuous random quantity with PDFfX(x) and CDFFX(x), and letY = aX+b where
a> 0. What is the PDF and CDF ofY? It turns out to be easier to work out the CDF first:

FY(y) = P(Y ≤ y)
= P(aX+b≤ y)

= P

(
X ≤ y−b

a

)
(sincea> 0)

= FX

(
y−b

a

)
.

So,

FY(y) = FX

(
y−b

a

)
,

and by differentiating both sides with respect toy we get

fY(y) =
1
a

fX

(
y−b

a

)
.

Example

For the light bulb lifetime,X, what is the density ofY = X/24, the lifetime of the bulb in days?

4.3 The uniform distribution

Now that we understand the basic properties of continuous random quantities, we can look at some
of the important standard continuous probability models. The simplest of these is the uniform
distribution.

The random quantityX has auniform distributionover the range[a,b], written

X ∼U(a,b)

if the PDF is given by

fX(x) =


1

b−a
, a≤ x≤ b,

0, otherwise.
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Thus ifx∈ [a,b],

FX(x) =
∫ x

−∞
fX(y)dy

=
∫ a

−∞
fX(y)dy+

∫ x

a
fX(y)dy

= 0+
∫ x

a

1
b−a

dy

=
[

y
b−a

]x

a

=
x−a
b−a

.

Therefore,

FX(x) =


0, x< a,
x−a
b−a

, a≤ x≤ b,

1, x> b.

We can plot the PDF and CDF in order to see the “shape” of the distribution. Below are plots for
X ∼U(0,1).
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Clearly the lower quartile, median and upper quartile of the uniform distribution are

3
4

a+
1
4

b,
a+b

2
,

1
4

a+
3
4

b,
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respectively. The expectation of a uniform random quantity is

E(X) =
∫ ∞

−∞
x fX(x)dx

=
∫ a

−∞
x fX(x)dx+

∫ b

a
x fX(x)dx+

∫ ∞

b
x fX(x)dx

= 0+
∫ b

a

x
b−a

dx+0

=
[

x2

2(b−a)

]b

a

=
b2−a2

2(b−a)

=
a+b

2
.

We can also calculate the variance ofX. First we calculate E
(
X2
)

as follows:

E
(
X2)=

∫ b

a

x2

b−a

=
[

x3

3(b−a)

]b

a

=
b3−a3

3(b−a)

=
b2 +ab+a2

3
.

Now,

Var(X) = E
(
X2)− E(X)2

=
b2 +ab+a2

3
− (a+b)2

4

=
4b2 +4ab+4a2−3b2−6ab−3a2

12

=
1
12

[b2−2ab+a2]

=
(b−a)2

12
.

The uniform distribution is rather too simple to realistically model actual experimental data, but is
very useful for computer simulation, as random quantities from many different distributions can
be obtained fromU(0,1) random quantities.

4.4 The exponential distribution

4.4.1 Definition and properties

The random variableX has anexponential distributionwith parameterλ> 0, written

X ∼ Exp(λ)
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if it has PDF

fX(x) =

{
λe−λx, x≥ 0,

0, otherwise.

The distribution function,FX(x) is therefore given by

FX(x) =

{
0, x< 0,

1−e−λx, x≥ 0.

The PDF and CDF for anExp(1) are shown below.
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The expectation of the exponential distribution is

E(X) =
∫ ∞

0
xλe−λxdx

=
[
−xe−λx

]∞

0
+
∫ ∞

0
e−λxdx (by parts)

= 0+

[
e−λx

−λ

]∞

0

=
1
λ
.

Also,

E
(
X2)=

∫ ∞

0
x2λe−λxdx

=
2
λ2 ,

and so

Var(X) =
2
λ2 −

1
λ2

=
1
λ2 .

Note that this means the expectation and standard deviation are both 1/λ.
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Notes

1. As λ increases, the probability of small values ofX increases and the mean decreases.

2. The medianm is given by

m=
log2

λ
= log2 E(X)< E(X) .

3. The exponential distribution is often used to model lifetime and times between random
events. The reasons are given below.

4.4.2 Relationship with the Poisson process

The exponential distribution with parameterλ is the time between events of a Poisson process with
rateλ. LetX be the number of events in the interval(0, t). We have seen previously thatX∼P(λt).
Let T be the time to the first event. Then

FT(t) = P(T ≤ t)
= 1− P(T > t)
= 1− P(X = 0)

= 1− (λt)0e−λt

0!
= 1−e−λt .

This is the distribution function of anExp(λ) random quantity, and soT ∼ Exp(λ).

Example

Consider again the Poisson process for calls arriving at an ISP at rate 5 per minute. LetT be the
time between two consecutive calls. Then we have

T ∼ Exp(5)

and so E(T) = SD(T) = 1/5.
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4.4.3 The memoryless property

If X ∼ Exp(λ), then

P(X > (s+ t)|X > t) =
P([X > (s+ t)]∩ [X > t])

P(X > t)

=
P(X > (s+ t))

P(X > t)

=
1− P(X ≤ (s+ t))

1− P(X ≤ t)

=
1−FX(s+ t)

1−FX(t)

=
1− [1−e−λ(s+t)]

1− [1−e−λt ]

=
e−λ(s+t)

e−λt

= e−λs

= 1− [1−e−λs]
= 1−FX(s)
= 1− P(X ≤ s)
= P(X > s) .

So in the context of lifetimes, the probability of surviving a further times, having survived timet is
the same as the original probability of surviving a times. This is called the “memoryless” property
of the distribution. It is therefore the continuous analogue of the geometric distribution, which also
has such a property.

4.5 The normal distribution

4.5.1 Definition and properties

A random quantityX has a normal distribution with parametersµ andσ2, written

X ∼ N(µ,σ2)

if it has probability density function

fX(x) =
1

σ
√

2π
exp

{
−1

2

(
x−µ

σ

)2
}
, −∞< x< ∞,

for σ> 0. Note thatfX(x) is symmetric aboutx = µ, and so (provided the density integrates to 1),
the median of the distribution will beµ. Checking that the density integrates to one requires the
computation of a slightly tricky integral. However, it follows directly from the known “Gaussian”
integral ∫ ∞

−∞
e−αx2

dx=
√

π
α
, α> 0,
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since then ∫ ∞

−∞
fX(x)dx=

∫ ∞

−∞

1

σ
√

2π
exp

{
−1

2

(
x−µ

σ

)2
}

dx

=
1

σ
√

2π

∫ ∞

−∞
exp

{
− 1

2σ2z2
}

dz (puttingz= x−µ)

=
1

σ
√

2π

√
π

1/2σ2

=
1

σ
√

2π

√
2πσ2

= 1.

Now we know that the given PDF represents a valid density, we can calculate the expectation and
variance of the normal distribution as follows:

E(X) =
∫ ∞

−∞
x fX(x)dx

=
∫ ∞

−∞
x

1

σ
√

2π
exp

{
−1

2

(
x−µ

σ

)2
}

dx

= µ

after a little algebra. Similarly,

Var(X) =
∫ ∞

−∞
(x−µ)2 fX(x)dx

=
∫ ∞

−∞
(x−µ)2 1

σ
√

2π
exp

{
−1

2

(
x−µ

σ

)2
}

dx

= σ2.

The PDF and CDF for aN(0,1) are shown below.
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4.5.2 The standard normal distribution

A standard normal random quantity is a normal random quantity with zero mean and variance
equal to one. It is usually denotedZ, so that

Z∼ N(0,1).
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Therefore, the density ofZ, which is usually denotedφ(z), is given by

φ(z) =
1√
2π

exp

{
−1

2
z2
}
, −∞< z< ∞.

It is important to note that the PDF of the standard normal is symmetric about zero. The distribution
function of a standard normal random quantity is denotedΦ(z), that is

Φ(z) =
∫ z

−∞
φ(x)dx.

There is no neat analytic expression forΦ(z), so tables of the CDF are used. Of course, we do know
thatΦ(−∞) = 0 andΦ(∞) = 1, as it is a distribution function. Also, because of the symmetry of
the PDF about zero, it is clear that we must also haveΦ(0) = 1/2, and this can prove useful in
calculations. The standard normal distribution is important because it is easy to transform any
normal random quantity to a standard normal random quantity by means of a simple linear scaling.
ConsiderZ∼ N(0,1) and put

X = µ+ σZ,

for σ > 0. ThenX ∼ N(µ,σ2). To show this, we must show that the PDF ofX is the PDF for a
N(µ,σ2) random quantity. Using the result for the PDF of a linear transformation, we have

fX(x) =
1
σ

φ
(

x−µ
σ

)
=

1

σ
√

2π
exp

{
−1

2

(
x−µ

σ

)2
}
,

which is the PDF of aN(µ,σ2) distribution. Conversely, if

X ∼ N(µ,σ2)

then

Z =
X−µ

σ
∼ N(0,1).

Even more importantly, the distribution function ofX is given by

FX(x) = Φ
(

x−µ
σ

)
,

and so the cumulative probabilities for any normal random quantity can be calculated using tables
for the standard normal distribution.

Example

Suppose thatX ∼N(3,22), and we are interested in the probability thatX does not exceed 5. Then

P(X < 5) = Φ
(

5−3
2

)
= Φ(1) = 0.84134.
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Notes

The normal distribution is probablythe most important probability distribution in statistics. In
practice, many measured variables may be assumed to be approximately normal. For example,
weights, heights, IQ scores, blood pressure measurementsetc. are all usually assumed to follow a
normal distribution.

The ubiquity of the normal distribution is due in part to theCentral Limit Theorem. Essen-
tially, this says thatsample meansandsumsof independent random quantities are approximately
normally distributed whatever the distribution of the original quantities, as long as the sample size
is reasonably large — more on this in Semester 2.

4.6 Normal approximation of binomial and Poisson

4.6.1 Normal approximation of the binomial

We saw in the last chapter thatX∼B(n, p) could be regarded as the sum ofn independent Bernoulli
random quantities

X =
n

∑
k=1

Ik,

whereIk ∼ Bern(p). Then, because of the central limit theorem, this will be well approximated
by a Normal distribution ifn is large, andp is not too extreme (ifp is very small or very large, a
Poisson approximation will be more appropriate). A useful guide is that if

0.1≤ p≤ 0.9 and n>max

[
9(1− p)

p
,

9p
1− p

]
then the binomial distribution may be adequately approximated by a normal distribution. It is
important to understand exactly what is meant by this statement. No matter how largen is, the
binomial will always be a discrete random quantity with a PMF, whereas the normal is a continuous
random quantity with a PDF. These two distributions will always be qualitatively different. The
similarity is measured in terms of the CDF, which has a consistent definition for both discrete
and continuous random quantities. It is the CDF of the binomial which can be well approximated
by a normal CDF. Fortunately, it is the CDF which matters for typical computations involving
cumulative probabilities.

When then and p of a binomial distribution are appropriate for approximation by a normal
distribution, the approximation is done by matching expectation and variance. That is

B(n, p)' N(np,np[1− p]).

Example

Reconsider the number of headsX in 100 tosses of an unbiased coin. ThereX∼B(100,0.5), which
may be well approximated as

X ' N(50,52).

So, using normal tables we find that P(40≤ X ≤ 60)' 0.955 and P(30≤ X ≤ 70)' 1.000, and
these are consistent with the exact calculations we undertook earlier: 0.965 and 1.000 respectively.
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4.6.2 Normal approximation of the Poisson

Since the Poisson is derived from the binomial, it is unsurprising that in certain circumstances,
the Poisson distribution may also be approximated by the normal. It is generally considered ap-
propriate to make the approximation if the mean of the Poisson is bigger than 20. Again the
approximation is done by matching mean and variance:

X ∼ P(λ)' N(λ,λ) for λ> 20.

Example

Reconsider the Poisson process for calls arriving at an ISP at rate 5 per minute. Consider the
number of callsX, received in 1 hour. We have

X ∼ P(5×60) = P(300)' N(300,300).

What is the approximate probability that the number of calls is between 280 and 310?
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