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Abstract

One common problem in drives applications is the presence of noise that corrupts the useful information in measurements such as of current, due
to sensor imperfections. Digital low pass filters are a solution to the problem but they cannot cope when the useful information has time varying
high frequency characteristics. In this paper, wavelet analysis, seldom used as yet in electric drives, is analysed and compared to classical methods.
The key points of wavelet analysis are presented in a way that is appropriate for drives. Application of this new method to a typical practical current
signal demonstrates the advantages and limitations of these methods over more conventional techniques. The true power of the wavelet transform
is revealed when it is applied to a speed estimation problem where the rotor speed of a permanent magnet machine is modulated and coupled with

high frequency components.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The wavelet transform (WT) has been extensively used in
the digital image and signal processing areas in applications
where the classical Fourier transform (FT) cannot cope. In refs.
[1,2], two well known authors describe the WT from a digi-
tal image/signal processing point of view. A renowned paper
on wavelets, by Daubechies [3], analyses frames and orthogo-
nal wavelets in great depth. Mallat [4] sets the foundations for
the fast WT (FWT), making the WT more attractive for on-
line applications. For electric drives its application appears to
have been relatively limited, for example, to off-line studies
of the system’s parameters [5,6]. In ref. [5], the modelling of
the motor and especially the field distribution in the air gap is
accomplished with the use of the simple Haar (or Daubechies
1—DB1) wavelet. On-line applications have been quite limited,
but include fault diagnosis, neural network training and position
signal de-noising [6-8].

The goal of this paper is hence to introduce the on-line appli-
cation of the WT in the area of drives and to demonstrate its
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utility. A review of the theoretical aspects of the WT is first
presented in a way suitable for drives applications, building on
general reference material [9—12]. Test results from a wavelet
denoising scheme are shown, from a real application using cur-
rents signals taken from an inverter fed induction machine (IM)
drive. It is shown that when the useful information is closely
defined in frequency, and well separated from the noise fre-
quency components, then the WT and a more conventional
digital filter gave similar results. The complexity of the WT
can cause problems when used in real time applications, and in
such a case would offer no advantage.

The WT can offer significant advantage in other cases. This
is illustrated in the last part of this paper which studies the use of
wavelets in a speed estimation scheme involving high frequency
injection. Conventional methods have difficulty distinguishing
between noise and the modulated rotor speed, while wavelets
are successful in reducing the mean squared error.

2. Wavelets transform theory
2.1. Introduction

Action to reduce the noise on a signal is a common require-
ment in an electric drive scheme. A usual choice is a low pass

filter, often a finite impulse response (FIR) filter, with its design
based on the well-known concept of the FT. The kernel of this
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Fig. 1. Logarithmic coverage of the frequency spectrum under the WT.

transform is the exponential term e 3 (or & or e 127, This
kernel extends from minus infinity to plus infinity in frequency
and hence any non-stationary noisy signals cannot be isolated
and removed. Therefore, any denoising method based on the FT
will have the handicap of the priori assumption that the noisy
signal is stationary. Finally, although of lesser significance, a
small error in the time domain can cause a large distortion of
the frequency spectrum even if only off-line study is required.
One of the characteristics/properties of the WT is its ability to
identify discontinuities. This has started to be used in the drives
area since faults (in bearings, phase coils, etc.) can cause abrupt
changes in the stator/rotor currents which wavelets can detect
[13,14].

A first solution to these problems was the use of the short
time FT (STFT), first proposed by Gabor almost 60 years ago.
The signal is separated into several segments and then the FT
is applied in every segment separately. Hence, the segment in
which a high frequency component exists can at least be iden-
tified [15]. Unfortunately, the smaller the time window (for
better time resolution) the worst the frequency resolution [1,2]
(Heisenberg uncertainty theory). Hence, a trade off must be
made between good time and frequency resolution.

2.2. Continuous and discrete time wavelet analysis

Fortunately the signals often found in practice have large
duration low frequency, and small duration high frequency,
components. Hence, it would be desirable to have small time
windows for the high frequency parts and long windows for low
frequencies. This can be achieved by imposing a restriction on
the frequency window:

—— = constant. (1)
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Fig. 2. Time frequency plane for the WT.

This results in a logarithmic coverage of the frequency spectrum
(Fig. 1).

Again the uncertainty principle is satisfied but now the time
resolution becomes arbitrarily good (small A¢) for high fre-
quencies and vice versa, i.e. the frequency resolution becomes
arbitrarily good (small Af) for low frequencies (Fig. 2). This is
the concept of multiresolution (Fig. 3).

The kernel is required not to be a sine or cosine wave but one
signal well concentrated in time and in frequency—an asym-
metric irregular waveform, i.e. a wavelet, such as that shown in
Fig. 4, whose frequency spectrum is that of a band pass filter as
proved later.

This wavelet can be scaled (contracted or dilated) and shifted.
The transformation is accomplished in a similar way to the STFT,
a portion of the signal is compared with the wavelet and their
correlation is the coefficient for this scale and shift. Then the
wavelet is shifted and compared with another segment of the sig-
nal. When all segments are compared the wavelet is compressed
(or stretched) and the same comparison takes place. There-
fore, the outcome coefficients are a function of the scale and
shift:

Cla,b) = /x(t)mdf= '“'71/2/“’)‘” (t;b) @
2)

where “a” and “b” are the scaling and the shifting factors, respec-
tively. The term |a| ™2 is only needed for energy normalisation.
The function “¢/” is called the mother wavelet and a very large
value of the scale means a global view of the signal. The inverse

Fig. 3. Multiresolution wavelet analysis and synthesis.
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Fig. 4. DB10 wavelet.

WT (IWT) is given by the “resolution of identity”:

x(t) = C,;l /oo /OO a—12(x, Y(a, b, H)y(a, b, t)dadb 3)
where

w=m/ﬂW@ﬂwﬂm. @)

From Egs. (3) and (4), it can be seen that Cll_,1 > 0 or Cy <00.
Hence, by using Eq. (4) it can be seen that the wavelet vanishes
at zero frequency, i.e. |¥(0)|?> = 0. This means that the wavelet is
like a band pass filter and its average value, in the time domain,
is zero: f Y (t)dt = 0. This is the admissibility condition.

Eq. (2) implies there is an infinite number of scales and shifts
that must be used for the WT, this can cause unnecessary redun-
dancy in the transformation. The discrete time WT (DTWT)
can be used to avoid this implication. The basic property of the
DTWT is that every scale is represented by a dyadic filter and
the wavelet coefficients for each shift are the output of two filters
(one low pass and the other high pass). Hence, by using high and
low pass (usually FIR) filters it is possible to implement online
the DTWT.

2.3. Wavelet denoising

The high and the low frequency coefficients are termed details
and approximations, respectively. Donoho [16] first proposed a
method to denoise a signal by using the DTWT and a threshold.
There are two main variations of this method: soft thresholding
and hard thresholding [17,18]. These methods imply that by
using an appropriate operator on the coefficients of the WT the
signal can be denoised.

A measurement consists of the useful signal and the noise:

M(t) = x(t) + N(@®) )

By using Eq. (2) the wavelet coefficients can be found, C.
The denoising process is:

Z =D, q) (6)

where g is a parameter that will be used later to denoise the
signal.

The IWT of the denoised signal will give the estimated original
signal X. 7)

When the method of soft thresholding is used the operator D is:
D(C, g) = sgn(C) x max(0, |C| — q) (3)

At the hard threshold the operator D is only nullifying the values
of the wavelet coefficient that are less than the value of g¢:

C, if|C|>g¢q
D(C,q) = )]

0, otherwise

A similar method will be applied in this paper. As shown later
the maximum level that the analysis will reach is 5. Furthermore
in a typical drives application in the constant torque region the
useful information is often at low frequency, perhaps between 0
and 50 or 60 Hz. Also the noise components will usually have
much higher frequency. Hence, all the details coefficients will
represent noise. So zeros can replace these coefficients and hence
the reconstruction process will involve only approximations.

3. Wavelet filtering
3.1. Experiment arrangement

The practical signal used to test the filtering can be seen in
Fig. 5. This was measured on a modern 4-pole 400V, delta con-
nected 7.5 kW induction motor based electrical drive coupled to
a dc load machine, being driven by a commercial inverter. The
particular waveform results from the drive undergoing a simple
voltage proportional to frequency acceleration from 0 to 10 Hz
in 0.2 s with no load. The current waveform from phase A of the
motor drive is shown.

Initially the best level of decomposition and wavelet was
found and then this was compared with the performance of a
normal FIR filter. Five different levels of analysis were tested
and the wavelets that were used are from the Daubechies family,
DB2-DB43 (DBI1 is the Haar wavelet and should not be used
for multiresolution). The sampling frequency was chosen to be
10kHz.

Since the test signal used is a practical signal already con-
taminated by noise, the ideal or noise-less signal is not available
directly, as it would be if a simulation signal and noise sources
were used. Since a more effective comparison can be made if a
version of the ideal were available, the practical signal of Fig. 5
was filtered by an ideal analogue low pass sixth-order Butter-
worth filter with a cut off frequency of 60 Hz. Such a low cut-off
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Fig. 5. Current isa that was used to check the wavelet denoising schemes.
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Fig. 7. Delay imposed by different wavelets and level of decomposition.

frequency would be impractical in an actual drive expected to
run over a range of frequency.

This “ideal” de-noised signal was then compared with the
response of the multiresolution and the Integral of Square Error
(ITSE) was calculated (Fig. 6). Since simple FIR filters are used
for the signal denoising in the WT scheme and since different
sampling rates are used (due to the decimation) a certain delay
is imposed which is equal to (2rumberoffilters _ 1y (4150 called
the data alignment, which is very important for real time appli-
cations). This delay is the explanation for the peculiar form of
Fig. 6. Normally it would be expected that the higher the decom-
position number the better the denoising, but then the imposed
delay will have a bigger effect. Fig. 7 shows the relation between
the level of the decomposition, the wavelet and the delay. If the
decomposition employs many levels then a significant delay will
be imposed on the signal and, in an extreme case, this may even
cause instability. Fig. 6 shows that level 4 gave considerably bet-

Table 1
FIR filter used for comparison with wavelet denoising schemes

25

s A
< qp f\ !’k "
g sl A\ JV A AA A AN
N W RWAWAWAWAWAWAW
5 WY AVYRYRYMYIEYMY
i | VAV ANV V L V AL VARV

e \

-20

0 0.2 0.4 0.6 0.8 1
time, s
— Wavelet scheme — Ideal signal

Fig. 8. Denoised stator signals, phase A, using an “ideal” and a wavelet filtering
process.
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Fig. 9. Denoised stator signals, phase A, using an “ideal” and a FIR filter.

ter results than level 2. Hence, a level 4 wavelet DB2 was chosen
for comparison with a normal FIR filter. A low pass FIR filter
was tested for this comparison. The specification of this filter is
shown in Table 1.

3.2. Tests results

3.2.1. Simple denoising

The ideal reference signal produced by the Butterworth filter
and the version from the wavelet denoising scheme described
above are shown in Fig. 8. The denoising of the FWT is
almost identical to that of the analogue filter. The only signif-
icant difference is a small delay that is imposed on the FWT
from the successive asymmetric FIR filters, clearly the ana-
logue filter being of relatively high order does also introduce
a significant delay, this causes the two signals to be closely
similar.

The FIR scheme response is shown in Fig. 9, again with
the “ideal” signal for comparison. The results of Figs. 8 and 9
show the wavelet denoising scheme gave similar results to the
carefully chosen normal FIR filter on a fixed spectrum signal.
Fig. 12 shows that the FIR scheme produced an output faster
than the analogue filter. This is expected since the delay of that

Filter Passband frequency Passband ripple

Stopband frequency

Stopband ripple Sampling frequency Filter order

FIR 100 Hz 0.624 dB 500Hz

33.3dB 10kHz 40
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digital filter is very small, i.e. is smaller than that of the analogue
filter.

The last figures show that the two schemes have similar
denoising behaviour, but the wavelet scheme imposes a delay
(which will increase if more levels of decomposition are added
to achieve better denoising). Also it is more complicated. The
FIR scheme uses a simple symmetrical FIR filter which can be
implemented either with simple and cheap hardware or with
some addition to the overall drives software. The FWT scheme
needs more complicated and asymmetric FIR filters, with a com-
plexity increase of at least 10 times. Hence, the FIR scheme
appears superior in such a case, and therefore for many simple
denoising processes in electric drives it is better to use classical
filtering methods since a FWT scheme does not offer advantage.
This is because the expected frequency components of the cur-
rent (at 10 Hz here) are known in advance. Hence, a filter can be
specifically designed for that case.

3.2.2. Using wavelets to extract uncertain frequency
components

The FWT scheme did not offer advantage in the simple filter-
ing for denoising application described in the previous section.
However, if the frequency information of the signal is time
varying and its frequency is unknown the situation is different.
Simple FIR filters cannot readily be used when there is useful
information in the current signal in different and unknown areas
of the frequency spectrum. Hence, the FWT comes into its own
in such applications where the bandwidths are uncertain, or if
useful components exist at widely spread frequencies. Applica-
tions in electrical drives which fit this profile include where
signal injection schemes are used for sensor-less control for
speed identification. This is an active research area [19-21]. In
such a scheme a typical frequency spectrum may be as depicted
in Fig. 10.

If the high frequency component is time varying but is remote
in frequency from the useful low frequency components then low
pass FIR filters are feasible. If the location of both coefficients
was known then a filter bank with two FIR filters could be used,
one low pass and one band pass. But this is not applicable here so
this is a suitable application for wavelets. Unlike the application
given in the previous section a fair comparison with a fixed FIR
filter is difficult. Such a comparison could be made relatively
favourable or unfavourable depending on the use of knowledge
of the frequencies from a particular example, but this is not
available online.

A
2 Fixed Time varying
:E component component
c
9 White Noise
= /
f
50Hz ~2kHz

Fig. 10. Illustrative frequency spectrum with signal injection.

As an example of wavelet use in such a case, assume one com-
ponent at 50 Hz resulting from the machine speed and another
componentranging over [1.5 kHz, 2.5 kHz] (atest signal at2 kHz
is used), sampling frequency 100 kHz (this is required since the
useful signal now is 200 times higher in frequency than before).
To mimic a typical case a white noise signal is added giving
a SNR of 10. This produced a random signal, with Gaussian
distribution, zero mean value and a variance of 0.1.

The two useful frequency components come from two sine
waves of amplitude 10. To evaluate the denoising process the
mean squared error (MSE) of the original noise free and the two
denoised signals is used:

N
MSE = %Z(x(n) — %(n))? (10)

n=1

where x(n) is the noised free signal and X(n) is the signal under
consideration.

The duration of the simulation was chosen to be 0.5 s giving
50,000 samples. The MSE of the noised and the noised free
signal is ~0.1.

Also for the FWT the principle of “superposition” holds,
i.e. the values of CD1, CD2 and CA2 from the decomposi-
tion of two signals are the values given if the two signals are
decomposed separately and then added together. Hence, the two
sine waves (the useful signals) and the noise signals can be
studied separately. The decomposition of the two sine waves
gave three new signals whose histograms are shown in Fig. 11.
Fig. 12 shows the histograms of the noise signal with the same
scales.

Hence, if all the values of CD1, CD2 and CA2 that are
between [—1, 1] are removed (hard thresholding) it can be
assumed that all the noise components will be removed as well.
These values of £1 are empirically found, if Stein’s Unbiased
Risk method is used then the threshold is +4.0332. Other, less
conservative, techniques, such as Heuristic Stein’s Unbiased
Risk, produced similar thresholds. This gives a signal whose
MSE with the original is 0.0277, i.e. five times better than the
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Fig. 11. Histograms of the approximations and details of the two sine waves.
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Fig. 13. Frequency spectrum of the original and denoised signals.

noisy signal. A comparison of the frequency spectra of the orig-
inal and denoised signals is shown in Fig. 13, with an extended
frequency range in Fig. 14 showing the improvement at the
higher frequencies. The wavelet used was DB5.
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Fig. 14. Extended frequency spectrum of the original and denoised signals.

More levels or more advanced wavelet techniques (wavelet
packets) can achieve better results. The important point is that
this denoising did not require knowledge of its frequency compo-
nents. It is simply assumed that the useful information has large
coefficients and this illustrates the power of denoising based on
the WT. Where the frequency components of the useful signals
are unknown use of wavelets offers significant advantage since
conventional method (such as fixed FIR filters) cannot easily
used.

4. Conclusions

The WT was described, focusing on use for electric drives,
and a denoising scheme based on it was proposed. The results
were experimentally verified and it was found that the denois-
ing scheme based on the WT did not distort the signal and
the noise component after the process was small. However, the
new scheme imposes a certain delay on the signal and is rela-
tively complicated. The experimental results showed no obvious
superiority for the new filtering scheme against more classical
methods, in a relatively fixed frequency situation.

This indicates clearly that WT are best deployed in a more
challenging situation, where useful components exist at widely
spread and varying frequencies and the bandwidths are uncer-
tain. Precisely this situation exists in electrical drive speed
sensor-less control using signal injection. Results of a study have
been presented, and confirm this view.
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