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Abstract

This paper examines the relationship between before tax and after tax valuation and usesthis to
examine the literature on capital budgeting and capital structure in the presence of corporate and
personal taxes, aliterature which features a bewildering array of valuation formulae. Some of
the variation between such formulae naturally arises out of variations in underlying model
assumptions; however, in several cases, it arises because there are (by no means obvious)
internal inconsistencies. The potential magnitude of the errorsthat might arise in a capital

budgeting context isthen explored through sensitivity analysis.



l. Introduction and Review of the Literature

For many yearsthe Vaue Additivity Principle (VAP) has provided the cornerstone for
the valuation of complex assets within a setting of perfect capital markets. Under this
principle, a portfolio can be correctly valued by breaking it into its congtituent assets,
independently valuing each asset, and then adding the resulting values together (Haley &
Schall [1973]). Applied to the theory of capital structure®, where the focus is on the
interaction between an investment decision and its financing, the VAP prescribes that the
value of alevered investment should be equal to the value of an otherwise-identical
unlevered investment plus the value of incremental cash flows attributable to leverage.
Modigliani & Miller [1963] presented a seminal model in which debt created a valuable
incremental corporation tax shield. 1n addition to assigning a value to thistax shield,
Modigliani and Miller (MM) derived an adjusted discount rate (ADR) which could be
used to compute the value of alevered investment without explicit consideration of the
incremental cash flows arising from leverage. This ADR subsequently found a placein
conventional textbook accounts of capital budgeting procedures asthe weighted average
cost of capital (e.g. Brealey and Myers[1996], Buckley et al. [1998]). MM'’s specific
results, however, were based upon a number of restrictive assumptions, including (a) that
there are no personal taxes, (b) that operating cash flows conform to a specific and

permanent stable pattern, and (c) that the level of debt is fixed and permanent.

The work of MM was subsequently generalised in a number of different ways. Miller
[1977] and DeAngelo and Masulis [1980] discussed the value of corporation tax shields

in aworld with personal taxation, whilst Miles & Ezzell [1980], retaining the assumption

1 For a useful survey of capitd structure research outside the perfect capital markets setting, see Harris &
Raviv [1991].



of no personal taxation, derived an ADR for any pattern of operating cash flows. Strictly
speaking, the Miles-Ezzell reault is not afull generalisation of MM's earlier result,
because the Miles-Ezzell financing policy, a so-called Active Debt Management Policy
(ADMP), and the MM financing policy, assumption (c) above, are in general mutually
conflicting.? Concurrent with the above developments were attempts to integrate the
Capital Asset Pricing Model (CAPM) of Sharpe [1964], Lintner [1965] and Mossin
[1966] with MM's model of capital structure.® This raised interesting issues for multi-
period capital budgeting, for as well asthe MM restrictions outlined above, use of the 1-

period CAPM implied further, and possibly contradictory, restrictions.*

Following this early work, researchers have gtriven to synthesize these various strands
with the objective of furnishing arealistic yet practical approach to capital budgeting
and, in particular, the valuation of arbitrary risky multi-period cash flows. Clubb &
Doran[1991, 1992], Appleyard & Strong [1989], Strong & Appleyard [1992] and
Taggart [1991] all employ the Miles-Ezzell ADMP to derive formulae relevant to the
valuation of alevered asset with an arbitrary pattern of operating cash flows, and all
authors allow for non-zero personal taxes. Y et, despite the broadly common framework
adopted by these authors, inspection of their results reveals a bewildering variety of
vauation formula. This paper demonstratesthat discrepancies and inconsistencies can
arise, and indeed, have arisen, in models which incorporate personal taxation. However,

before presenting a more formal analysis, the following stylised example may help to

2. Moreover, both financing policies were assumed merdy for analytical convenience. Neither has
normative force,

3. Seg, for example, Hamada[1972].

4. For example, the Sharpe-Lintner-Mossn CAPM was derived under an assumption that investors have a
one-period investment horizon. Fama [1970, 1977] outlined sufficient conditions for the vdidity of this
one-period CAPM in a multi-period investment context. See also Merton [1973] for a discussion of the
sameissuein acontinuous time setting.



clarify what is at issue with the conventional valuation procedures used in some of the

capital budgeting and valuation literature.

Consider arisky cash flow which will be received next period. Suppose its current
expected value is £100 before personal taxes (BT) and, say, £95 after personal taxes
(AT). Given these figures, the implied effective tax rate is 5%.> Let the equilibrium
AT discount rate for cash flows belonging to thisrisk class be 10%. The conventional
method of valuation would compute the present value by discounting the expected AT
cash flow at the AT discount rate, giving a correct value (current market price) for this
cash flow of £100(1-0.05)/1.1=£95/1.1=£86.3636. An alternative method of valuation
would specify an equilibrium risk-adjusted BT discount rate to be applied to the
expected BT cash flow. How should this rate be determined? In much of the above
literature, it is assumed that there is a well-defined relationship between the two kinds
of discount rate and the tax rate - namely, following Miller [1977], that

r=p/l1-1%), (1)
wherer isthe equilibrium BT discount rate, pisthe equilibrium AT discount rate and
r* isthe effective tax rate. This specification applied to the above numerical

example would givethe BT rate as r =0.1/(1-0.05) =0.10526 and avalue for the

cash flow of £100/1.10526 = £90.4762. The discrepancy between the AT valuation of
£86.3636 and the BT valuation of £90.4762 (an error of about 5%) clearly indicates
that the relationship encapsulated in equation (1) cannot be generally correct. In fact,

if the market value of the cash flow was indeed £86.3636 as indicated by the AT

® For example, thiswould be theresult if the margina rate of income tax was 5% and the capita gainstax
rate was zero. However, note that the details of the tax regime — and hence of how the effectivetax on a
cash flow arises - are of noimportancein this paper — solong asthereare sometax effects. The concern
in this paper is purely with the problem of how to conduct consistent before- and after-tax val uation
analyss.



analysis, correct valuation using a BT discount rate r would require that this BT rate
be given by

86.3636 = 100 =1 =0.15789.

1+r
Thus the correct BT discount rate is a whole five percentage points above the rate
calculated in (1).° Furthermore, if the example is modified slightly by lengthening the

time before the cash flow will be received to two periods, with no other changes, then
its value (based on an AT analysis) is £100(1-0.05)/1.1* = £95/1.1* = £78.5124. If
£78.5124 isin fact the market value of the risky cash flow, the implicit value for the
BT rater to give thisanswer is

100
(1+r)

78.5214 = =1 =0.12858,

2

arae which differs from the period-1 BT rate calculated above. These calculations
thus demonstrate that the relationship between BT and AT rates and taxation is
generally more complex than implied by the simple ‘grossing up’ procedurein
equation (1) and that thisrelationship is affected by the time to maturity of the
expected cash flow. Notethat these conclusions have been reached without any
assumption being made about the precise tax regime and despite the fact that the

parameters of the problem are held constant when time to maturity is lengthened.

The object of the present paper isto identify the relationship between before and after

personal tax discount rates and to show how the relationship is generally a non-linear

® And of course, valuation errors associated with individua cash flows may aso be magnified in an overall
calculation of net present value. Toillugtrate, suppose the above effectivetax rate (5%) and an AT
discount rate of 10% apply and that a project involved an initial outlay of £90 (BT) to generate the above
period one BT expected cash flow of £100. The correct net present valueisthus £90-£86.3636=+£3.6364
whilst the AT valuation would be £90-£90.4762= -£0.4762. In thisexample, not only would the project be
rejected on thisincorrect cal culation, but the valuation error would be over 100%.



function of the timing of the cash flow (asillustrated in the above numerical example).
Having donethis, the paper then addresses the above literature to seeto what extent it
deals adequately with these relationships - and hence whether or not the observed
differencesin valuation formulae arise out of differencesin assumptions- or smply out

of internal incoherence in model assumptions.

Section |1 sets out the basic framework which is then used to investigate the above
literature, generally referred to below as ‘the surveyed works', which deals with
personal taxes. Specifically, section 111 focuses on the case of the level perpetuity (as
dealt with in Miller [1977]) whilst section IV deals with the literature concerned with
the valuation of arbitrary finite cash flows (Clubb & Doran [1991, 1992], Appleyard &
Strong [1989], Strong & Appleyard [1992] and Taggart [1991]). SectionV then
examines the magnitude of the error implied if the simple ‘grossing up’ rule is used,

and section VI draws together the main conclusions.

Il. Personal Taxes and Discount Factors

The standard approach adopted in the literature to valuing an asset isto (a) estimate the
expected future cash flowsthe asset will generate, (b) specify a discount factor for each
of these cash flows, and (c), invoking the value additivity principle (VAP), sumthe
discounted expected cash flowsto obtain a single numerical value. However, when
taxation is charged at the personal level, it is possible to pursue a ‘ before personal taxes
calculation of value or an ‘after personal taxes' calculation of value. That is,

(i) towork withthe set of expected gross cash flows i.e. before personal
taxes have been deducted (BT), - and use BT discount ratesin
performing the valuation calculation, or

(i)  towork with the set of expected net cash flowsi.e. after personal taxes
have been deducted (AT) - and use AT discount rates.



Since the market value of any given investment is a unique number, it followsthat, ina
given model, it should make no difference which approach is adopted. That is, Sarting
with agiven set of BT (AT) project cash flows, calculating value using BT (AT) discount
rates should give the same value asthat from first computing AT (BT) cash flows and
then computing value using the AT (BT) discount rates. Indeed this is such an important
aproperty, it isworth stating more formally.

Lemma 1. A necessary condition for the validity of using both the BT and AT

valuation approaches within amodel is that the two approaches must assign

an identical market value to any given asset.

Aswill be seen shortly, Lemma 1 implies the existence of definite relationships between

the discount factors used inthe BT and AT approaches to valuation.

Table 1 about here (or earlier —but not later)

To proceed, focus upon the valuation of asingle risky BT cash flow x; " payable after T

periods. For convenience, table 1 gathers together alist of the principle notation used
inwhat follows. The analysis is more conveniently presented in terms of discount
factors rather than discount rates. However, given the results obtained for factors,
corresponding results in terms of discount rates can be obtained by using the

following definitional relationships:

_  sm=p(pOT)V -1, %)
(1+r(BT))

p(B.0,T)

7 Focusing upon a single cash flow involves no loss of generdlity for, given the VAP, it is permissble to
vadue each individua cash flow out of a set of cash flows independently of the others in the set.
Proposition 1, which follows, thus holds for each cash flow associated with a complex asset. Furthermore,
analogous propositions might be developed for multiple cash flows consdered jointly. See, for example,
Proposition 2 below.



1, = = pp =(17,)-1. ©)

1+ pg
The following assumptions are made:-

(A1) Therateof personal tax levied on x; is 7 and this is acongtant over time

and is payable without time lag.
(A2) Nominal capital gaing/losses, whether realised or unrealised, are taxed at
therateof 7, again congtant over time and payable without time lag.

(A3) Theper-periodrisk of E (x;), 0<s<t<T, isknown for certain and
congtant over time (i.e. £ isacongant).
(Ad) E.(%),(0<s<T)isknownfor certain a time s, as are al tax rates and

discount factors.
(A5)  m, = m, (OB,0t0).

(A6) O<r,7,<land O<7m;<m, <1l

These assumptions provide an analytical framework consisent with the surveyed
literature which deals with valuation in the presence of personal taxes. One can, of
course, debate whether the above assumptions provide arealigtic or useful basis for
valuing assets. However, this lies outside the scope of the present paper, which is
concerned solely with capital budgeting and valuation within the framework already
edtablished in the literature - and in particular with clarifying the extent to which the
above literature properly accounts for the implied relationship between BT and AT
discount factors. Nevertheless, some brief remarks concerning A1-A6 may be of

interest.

Assumptions A1, A3-A6 are explicit or trivially implicit in al of the surveyed works.
Assumption A4 is one of a set of sufficient conditions permitting use of the single-period
CAPM in amulti-period valuation context.® Assumptions A1, A3 and A5 are standard

and widely used simplifying assumptions (see Fama[1977] and, especially, Myers &

8. For the other sufficient conditions, see Fama[1977].
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Turnbull [1977]). A6 merely imposes that taxes are non-negative and less than 100%,

and that the risky discount rate is greater than ariskless one and that both are positive.

The main assumption used here which is less than obvious in the literature is A2.
This assumption entails that, for a single positive cash flow receivable at time T, there
will be a stream of CGT payments in each period prior to T, followed by areclaim of
CGT at time T (since on payment of the cash flow, the market value of the asset falls

to zero, so there is a capital loss). Clubb and Doran [1992] explicitly make this

assumption, and in their [1991] paper, set 7, =0, so thisis also consistent with A2 asa

special case. The remaining literature contains little discussion of taxation bases, but
in all casesthere isan explicit assumption that there is an average or overall ‘ equity
tax rate€ r* which isconstant over time for all assets (whatever their risk). Itis
possible to show that a necessary and sufficient condition for this to be the case within

these modelsisthat 7 =7 ; that is, the assumption of a constant effective equity tax

rate requires that dividend and CGT rates are equal and constant over time in these
models (the proof is given in appendix Al). Sincetherate 7*>0 isapplied to each
and every cash flow in a multi-period cash flow, this also entails our assumption A2,
namely that capital gainstax is payable on all changes in market value whether or not

capital gains are realised.’

% Aswell asbe ng necessary for moddling the surveyed work, this assumption, A2, isof interest in itsown
right because of its non-distortionary properties. By contrast, it iswell known that, if CGT is payable only
on redlisation, thisleadsto ‘lock in’ effects (the desireto hold appreciating assetsto defer and so reducethe
present value of CGT payments). Although tax authorities often limit the associated tax arbitrage
opportunities by imposing loss-offset limits, thesein turn distort investment choices away from more risky
investments (Stiglitz[1969]). It isfor these reasonsthat there are now arguments for introducing a mark-to-
market form of CGT system (Shakow [1986]), and in arecent article, Auerbach [1991] developsan
operationa form for this.
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What values the personal tax rates might take is naturally an empirical question,
although from atheoretical perspective, the relevant rates are those associated with
the ‘marginal investor’ (Miller [1977]).° Given such rates can only be estimated, it is
often useful to study the sensitivity of valuation resultsto variation in such tax

parameters; this kind of analysis is conducted in section 5 below.

Under assumptions A1-A6, the relationship between BT and AT discount factorsis
established in the following proposition:
Proposition 1. Assumptions A1-A6 imply the following necessary and
aufficient condition for internally consistent valuation of any given BT risky

cashflow x; a any giventime T, that the BT and AT discount factors must be
related by the formula

1- 1-7,) )
p('B'O'T):Ll—TT }Lﬂﬁ (1(—7;1))} '

Proof: See appendix A2

Writing
k(T’ TG)E(l_ T)/(l_ TG)’ ()
and
_ (A-1y)
a(m,,1,) =(1_—”ng) ()

(and suppressing arguments for the functions k and a in what follows), the result can be

written more compactly as

.
p(B.0T)=k(am,) . (6)
The full proof for Proposition 1 is completed in appendix A2. However, to get an

understanding for the processes involved, the first steps are detailed here. Given an

0 Eor the complicationsinduced by tax dientele effects, see for example Elton and Gruber [1970], Miller
and Scholes[1978], Litzenberger and Ramaswamy [1982].
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arbitrary risky BT cash flow, X, this can be valued directly, using the BT discount

factor, or by first converting to AT cash flows and then applying appropriate AT discount
factors. By Lemma 1, the BT and AT approaches are mutually consistent only if they
give the same market valuation - thus equating the market valuations by these alternative

approaches establishes the above relationship between BT and AT discount factors.

The BT Approach:
Under the BT approach there is just one expected cash flow, E, (X ). Invoking the VAP

and using the discount factor p(£,0,T) , the present valueis simply

The AT Approach:

Given assumptions Al and A2, payment of x, givesriseto astream of AT cash flows

X, from period 1 al the way throughto period T asillugtrated in Table 2.
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Table2: AT cash flowsgenerated by asingle BT cash flow at time T.

Timet AT cash flow, ,

0 Xo=0

1 X1="1 [V1 _Vo]

2 X2 =1 [Vz _Vl]

T-2 Nr2 =1 [VT—Z _VT—S] -

T-1 Xt =1 [VT—l _VT—Z]

T =% (1_ T) I [VT _VT—l]
T+1 0

T+2 0

The cash flows arise here because there is a capital gain/losswhich istaxed &t the rate

r, Whenever the market value of thetime T cash flow changes (its market value

naturally changesas T is approached). Inthe final period T, the cash flow x; isitself

taxed, a therate 7.

Invoking the VAP, each element of this set of AT cash flows is now valued, with V,
being given by the sum of these valuations. Noticethat, with 7, # 0, each AT cash flow

X, asoinvolvesvaluations (namely V, and V,_,). Such values may be computed

recursively, working backwards from s=T through s=0, as follows.

Derivation of Vs at ST

Since ), =0 foral t>T, it followstrivially that V; =0.
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Derivation of Vs at s=T-1

The market value V;_; isthe sum of (discounted) future cash flows expected at time

T-1. Invaluing the cash flowsin Table 2, it is important to distinguish the risk
associated with each element, and to value each using the appropriate discount factor

(the risky or riskless discount factor). Row T of Table 2 givesthe (period T) AT cash
flow as y; =% (1-7)-1,[V; =V;|. Aspreviously noted, V; =0. Viewed from
period s=T-1, X (1-7) isarisky cash flow, whilst 7,V;_; isknown for certain (from

A3, A4). The s=T-1 expected value of the former is thus discounted using the one-period

risky discount factor, 7z, , whilst the latter is valued using the one-period riskless
discount factor 77, (by A5). Hence,

Vo = TN+ T, (- T)Er L (%) 8
Solving for V;_, gives

Ve = (- D)E () | /[1- 1, ] (9)
Using (4) and (5), this becomes simply

Viy = Kar,Er (%), (10

wherek, aand 7z, are known for certain (by A4).

Derivation of Vs at S=T-2

V;_, equals the sum of (discounted) future cash flows (from periods T-1 and T) expected

a s=T-2. Attimet=T-1therearetwo cashflows; -7V, and 7,V;_,. Viewed from
time s=T-2, theterm 7,V;_, isriskless, so is valued a time T-1 using the riskless factor

77, . Thecashflow -7V, viewed fromtime T-1isrisky; from (10), V;_, issimply a
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constant multiplied by E;_,(X;) , S0, by assumptions A3 and A5, the appropriate one-

period discount factor for valuing thistermis 7z, .

There are also two non-zero cash flows arising a time T, namely 7,V;_, and (1-7)x .

To obtain the present values for these, their s=T-2 expected values must be discounted

two periods. Thefirst cash flow, 7,V;_,;, isarandom variable which from (10) is ascalar
multiple of E._ (x;) up until time T-1, and thereafter is known for certain. Hence the
two-period discount factor for 7,E; ,(V;_,) is 77,77, . Thesecond cash flow, (1-7)x;,
isarandom variable, withrisk £ in each period (assumption A3). The two-period

discount factor for (1-7)E;_,(%;) istherefore 7z .

Adding the values for t=T—1 and t=T cash flows,

Vo ST NG, =TT Er (Vo) + T T Er (V) + (- 1)Er (%), (10)
0, solving for V;_, gives

Ve = (71 =T By, (V) + (1= 1), (%) | /[ 1- 7, ). (12)
To smplify equation (12) further, note that, by the law of iterated expectations (see e.g.

Hamilton [1994 p. 742]), for any arbitrarily chosen cash flow, X,

E.(E (%)) =E,(x) foral st,T suchthat 0O<s<t<T . Now, using (9),

Er o (V) = Ery ([ 7,0~ D)y (%) /[ 1- 7,7, )

(13)
= 1,1~ DE; (%) |/[1-m 7, ]

Subgtituting into (12) then gives
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[(ﬂf —1)7Tﬁfg{ﬂﬁ(1_ T)ETZ(XT)}+77,23(1— T)ET—Z(XT)

[1—77f rgJ
V., = : 14
T (14)
which simplifiesto give
2
Vio = k(aﬂﬁ) Ero(0%). (15

Derivation of Vs a s=0

Equations (10) and (15) suggest a pattern to the value equation of the form
Vi =k(a7,) ErL (%) fori=12,.,T, (16)
and thisis formally established in appendix A2. Setting i =T , thisimplies
T
V, =k(a77,) Ey(x). (17)

By Lemma 1, theright hand sides of equations (7) and (17) must be equal, hence,

cancelling through by E,(x;) givesthe proposition 1 result that

p(B,0,T) =k(ar,)". (18)

Proposition 1 shows that A5, the assumption of time-invariant one-period AT discount
factors (respectively, time invariant AT discount rates), is not in general compatible
with a similar assumption concerning one-period BT discount factors (respectively,

time invariant BT discount rates). That is, it is not in general possible to write
p(B3,0,T) = p(5,0,1)" OT >0,08; thisis possible only in the special case where

r=1,.
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Corollary: Under assumptions A1-A6, a necessary and sufficient
condition for p(3,0,T) = p(B,0,1)", OT >0,004, isthat 7 = Ty

Proof:

Given p(B,0,T)=k(az,)", then p(8,0,T) = p(5,0),

OT >0,08, ifandonly if p(,0,1) =k""am, which istrue for all
T>0if only if k=1. However k=(1-7)/(1-7,),and k=1 =

Iy=r. ]

Thus, when dealing with arbitrary finite risky cash flow profiles, avaluation procedure

within the scope of assumptions A1-A6 cannot additionally assume both 7 # 7y and
p(B3,0,T) = p(5,0,2)", (OT>0, 0A) without violating Proposition 1. A time-invariant
one-period discount factor is equivalent to aflat term structure in one-period discount

rates. The above analysis therefore showsthat, when 7 # 7, assuming flat term

structures for both BT and AT ratesis, within the framework (A1-A6), logically

inconsistent.*! This point is taken up again in section IV below.

Many papers focus on rates of return rather than discount factors, so it isworth

translating (18) into this format, using equations (2) and (3). This gives

1 :[l—r}{ 1-7,)d+p;) }T_ (19)
(1+r(8T))" 177 [ @+ p) A+ p; ~ 1)

Asinthe Corollary to Proposition 1, clearly r (3,T) isacongtant for all T =1 if and

onlyif r=r,.

11. Tothe best of our knowledge, there has been no explicit discusson in the literature on equity valuation
of the compl ex relationships between AT and BT term structures. For work on the term structure of interest
ratesin bond markets, see Livingston [1979], Kim [1990] and Kryzanowski, Xu and Zhang [1995].
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Equation (18) illustrates the precise relationship between (i) the multi-period BT discount
factor, p(B3,0,T), (ii) the one-period AT discount factor for any given risk class g, (iii)
the discount factor for the riskless asset, (iv) the timing of receipt of the BT cash flow,
and (V) rates of personal taxation. The first order partial derivativesof p(£,0,T) with
respect to 7, 7y are (appendix A3 gives derivations)

op(B3,0,T)/or =-p(B,0,T)/(1-1), (20)

_p(B,0,T)([1-7,7,]-T (- 11;))
op(B,0,T)/dr, = -r)a-mr) . (21)

Intuitively, one might expect that the higher the tax rate, the greater isthe personal tax

burden associated with each unit of BT cash flow, X;, and the lower is the unit present
value, p(£,0,T). Given A6, (20) isindeed dtrictly negative. By contrast, (21) is
strictly negative if and only if

T>QA-rmry)l(l-11). (22)
That is, when T <(1-77,7,)/(1- 7, ), CGT actually raises the time zero market value

of a positive cash flow received at time T. The intuition for this is perhaps easiest
seen if we consider the case of a single positive riskless cash flow. In this case, the
market value necessarily increasesas T is approached, so there are CGT payments to
be made in each period until the last, in which the value falls to zero, and CGT can be
reclaimed. In the absence of discounting, the sum of the capital gains would in fact be
acapital loss equal to theinitial value of the asset. Thus, in the absence of
discounting, the overall impact of CGT would necessarily be to increase the market
value of the asset. Given there is discounting, and given the CGT claimed back

occurs a time T, it follows that the larger T is, the more heavily this benefit is
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discounted, and so the more likely it becomes that the impact of CGT is no longer

beneficial.? 13

Having spent some time discussing the role of CGT, it is worth emphasising that the
non-linearity in the transformation from AT to BT discount factors does not disappear
when CGT iszero. This point has already been made in our numerical examplein

section 1. More formally, it can be seen by setting 7, =0in (19). Thisthen simplifies

to give

1 _ (1-7)

_ )= RS (23)
(1+r(8T)) (1+p5)T:>1+r('BT) e -r)

That is, if 7>0 whilst 7, =0, r(,T) continues to be anon-linear function of T, and
o, evenif 7, =0, it isnot possible to assume that both BT and AT term structures are

flat.

lll.  Level perpetuities and the Miller [1977] model
The (risky) level perpetuity is an important special case where a simpler relationship

between BT and AT discount factors exists. This perpetuity offersrisky BT cash
payments, X, for T=1,...,. It ischaracterised by the condition E,(x;) =X, a

constant, for all T>0. The level perpetuity is assumed to have a constant level of

12 More formally, inspection of Table 2 indicates that the capital gains tax saving at time T, (7(Vra-Vy) =
LVr.1), is grester in absolute magnitude than the total of capita gains tax payments from t=1 through T-1,
(2 (V- Vi) = 1(Vr-Vo)). But when receipt of this tax saving is sufficiently distant (large T) and/or the
time discounts are sufficiently large, the total present value of the stream of expected capital gainstax cash
flows will be negative. Then, since the payment of capital gains tax reduces present value, the higher is 1,
thelower isp(5,0,T).

13 Focus ng on asingle cash flow thus seemsto suggest that investors would want to |obby to increase the
CGT ratein thisframework. However that isnot the case, because many of the assetsthat concern
investors are perpetual and growing assets for which CGT isindeed aburden. Thisisexplained in detail in
section 4 beow.
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‘riskiness’ (or ‘homogenous’ risk) in the sense that the time-invariant per-period risk
of each expected cash flow is aconstant S across al expected cash flows making up
the perpetuity. However, note that arisky level perpetuity is level only in the sense that
time zero expectations of the risky future cash flows are congtants. Its value will actually
fluctuate randomly astime passes. The procedure for valuing the risky level perpetuity
is exactly the same as for any arbitrary set of cash flows; each cash flow is valued
separately, and then the values are summed. It is worth emphasising that every cash
flow in therisky perpetuity givesriseto astream of capital gains/losses as per Table 2 —
s0 it follows, a fortiori, that there is a stream of capital gains tax cash flows associated
with such a perpetuity.**

The perpetuity valuation formula

Let p,.,(5) denotethe present value of this level perpetuity per unit of X asa
function of itsrisk and r, () bethe ‘quasi-discount rate’ that correctly values this
perpetuity. Thus, p,.,(B) and r,,,(5) are defined by the equation

Vo = Prarp (B)X =X T, (B) - (24)

Then it follows that

" Thatis whilst By (%) =X fordl T>0, E (%), for 0<t <T will generally differ from X . The

sameistrue of the value of therisky perpetuity. Herethevalue at time zerois calculated. Thevaue of the
perpetuity at time 1 will generaly differ from that at time O; indeed, if value at time 1 did nat, then it would
not be arisky perpetuity. Hence as amatter of logic, the cash flows associated with the risky perpetuity,
and the value of the perpetuity must fluctuate over time- the perpetuity therefore must giveriseto capital
gainstax cash flows. For amore complete analysis of the evolution of expectations over time, see Fama
[1977].
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Proposition 2: Assumptions A1-A6 imply the following necessary
and sufficient condition for internally consistent valuation of a
homogeneous-risk level perpetuity:-

ppap(ﬁ):(:(a”ﬁ) —Ll"][ (1) }

—aﬂﬁ)_ 1-7, )\ 1=y —1, (77, —7115)
Equivalently,
Pp— P
Pp~ 1 L
(B 5= ke
PP Poep (B) 1-7 '

Proof: Under the AT approach, the value of a homogenous risk level

perpetuity is obtained by using (17) and the VAP. Since in this case,
Eo (%) =%,0T >0, it follows that

ar,
1- an,

Vo = Z:ﬂk(aﬂﬁ)T B (%) = WZ?:l(a”ﬁ)T =kx U

Under the BT approach, the value of the Srisk level perpetuity is
Vo = Prep (B)X. (i)
Invoking the Lemma, equating the right hand sides of (i) and (ii), and

solving for p,.,(5) gives

Do (B) =k(a7,) /(1-a71,). (i)
Expanding, using the definitions for a, k and (24) (and using (2), (3) to

obtain discount rates) then givesthe above results. u

Notice, from (iii) and (18), thet if k=1 (i.e. if 7 =7,), then

Poers(8) = P(B,0,) /[1- p(B,0,)] . (25)
In other words; the unit present value of a #risk level perpetuity will be asmple
function of the nearest one-period 3-risk BT discount factor. Interms of rates of return,

since p(/3,0,1) =1/[1+r(B,1)], this gives the familiar discounting rule - that when

!> Note, from (5) and A6, that theterm s, sdtisfies 0<art, <1, so the geometric sum converges.
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T =14, thevalue of therisky level perpetuity is simply the BT expected cash flow

divided by the BT one period discount rate; that is, the BT valuationruleissimply
Vo =X/r(B.Y). (26)

However, it must be stressed that this holds only if k=1; that is, only if 7=7.

Notice also, from Proposition 2, for ariskless perpetuity, since S = f , it followsthat

Foep(F) =01 /(1-7). (27)
That is, the ‘quasi-discount rate’ to correctly value a BT riskless level perpetuity is
simply the ‘grossed up’ AT discount rate. Also, for arisky level perpetuity, if the capital
gainstax rate is zero, then, from Proposition 2,

Foep (B) = 05 /(1-7), (if 7, =0). (28)
That is, the value of alevel risky BT perpetuity can be calculated using the smple
‘grossed up’ after tax discount rate. A simple ‘grossed up’ AT discount rate works in this
case because the level perpetuity is a special case. One might surmise that when tax

ratesare equal (7 =17,), asimilar result might be had. Thisisnot the case however;

when 7 =7, the formulaonly simplifies asfar as

P~ Ps
B=—2 " _{ s j (29)
r = =
)2 B) 17

The simple time-independent ‘ grossing up’ of the AT discount rate cannot be carried
over to the case of non-level, finite cash flow profiles, even in special cases where

B=f andlor 7, =0. Toseethis, notethat, for the riskless case, from (19) with

g=1,
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e
(1+r(f,1)) (17 \1+ P 7,
whilgt the casewith 7, =0, from (19), gives
1 1 '
——=(1- : 31
(Ler(8T)) ( T){le .

Withboth 5= f and 7, =0, (19) gives

Y- r)[ 1 jT. (32)

(1+r (£.7)) 1+ p,

Thus in all these cases, the transformation from AT to BT is a non-linear function of the

timeto receipt of the cash flow.

Why CGT can ‘add value

In the special case of the level perpetuity, Proposition 2 showsthat there isa dtrictly

positive relationship between the capital gains tax rate and market value when the

perpetuity isrisky, o, > p; : thet is, from (29),

1-71 0P e (B)
Poerp (B) = = —==>0 (33)
:0,5 ~ P aTg
'0,5 - Tg 1+
P

Readers of an earlier version of the paper found this result rather puzzling (and ‘ counter-
intuitive’). For thisreason it isworth examining it in more detail. A useful way to do so
is to examine the case where the perpetuity features a constant expected growth rate g
(which could be zero as a special case). Consider theresult of buying such arisky

perpetuity and selling it after one period. The cash flowsthat arise are as follows:
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Table3 Cash flowsfor aoneperiod buy and sall strateqy

Time period: | Cash flow

0 -V, (initial payment)

1 \71 (sale a market value, arandom variable)

1 _(\71 ~Vo) Iy (CGT payment)

1 X (1-1) (receiptof X and payment of tax on it)

The claim againgt initial value inthe CGT payment, V,7,, isriskless and so must be
discounted at the risklessrate; al the other elements of the return are risky and so are
discounted & p, . Hence, defining X = E (%) and V, = EO(\71) , thenin equilibrium

° 1+ p, 1+ p;

The expected cash flows, and hence expected values, grow at therate g (asin Gordon's
dividend growth valuation model), so
X=E(X)=1+9)"'% (2 V =EM)=1+9)'V,) (35)

Using this to substitute for \; in (34) (and rearranging) givesthe valuation formula

v, = d-n% . (36)

P~ Ps
pﬁ_g_rg{lwf _g}

As before (Proposition 2), when g=0, increases in CGT add value. The intuition for this

can be seen by inspection of the cash flows at time period 1 in Table 3. From (35),
noticethat E,(V, -V,) =V, -V, = gV,; thusif g=0, the expected value a time 0 of CGT
payments at time 1 is zero. However, if g=0, the present value of this CGT tax payment

is negative; this arises because the allowance against the opening balance V, isriskless

and 0 is discounted less heavily than the risky CGT payment on \71. To spell this out,
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Y V, 1+ g)V. V,
PV(CGT) — EO(Vl)Tg _ OTg — ( g) OTg _ OTg (37)
1+p, 1+p,  1l+p, 1+p,

which is clearly negative when g=0. Hence CGT raises value for the level risky

perpetuity case.

Of course, the more usual case isthat of values which are expected to increase over time.
The above analysis demondratesthat if g is sufficiently positive, increasing CGT will

reduce value. From (36),

Pp—P
02 1, = Pen(B)107, 3 (38)

Thus, as one would expect, when capital gains are anticipated and g is sufficiently
positive, CGT reduces value. By contragt, if growth is negative, then capital lossesare
anticipated, and in this case, increasing CGT increases the amount clawed back in tax,
and hence increasesinitial market value. These observations explain why, in practice,
most investorswould prefer alower (zero) rather than ahigher CGT rate. Mot equity
investments are expected to be growing, albeit risky, perpetuities (rather than finite sets
of cash flow), and thisis precisely the case where thereis a CGT burden reducing market
value.

Perpetuitiesin the Miller M ode

Inthe Miller [1977] model, whether or not gearing adds value is assessed in the context
of amarket equilibrium for corporate debt. Equilibrium in the market for debt involves
therate of interest on debt being bid up to the point where the marginal investor, who has
apaticular tax-paying status, is indifferent asto whether she holds identical risk
securities after all tax obligations are met (the firm's stocks or bonds, in this case). This

accords with the analysis of this paper (asin Propositions 1 and 2).
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The Miller [1977] debt and taxes paper deals with a special case for simplicity -
specifically, it features riskless and permanent debt along with arisky operating cash

flow perpetuity. There are no taxes on equity, and asingle time invariant investor
specific tax rate is used for ‘income from bonds' (Miller [1977, p. 267]: denoted 775 in
that paper). Therate r, inthat paper denoted the ‘equilibrium rate of interest on fully

tax exempt bonds' (p. 268). It istherefore not only the BT discount rate for the latter, but
also the AT discount rate for all investors and for all riskless securities. 1n equilibrium,

the BT price of ataxable riskless bond must have adjusted to the point where the AT
risklessreturn for the marginal investor (the “ a -investor” paying tax a therate 7p;)

equals r,. That is, in equilibrium,

1 (B)(1-7) = 1o, (39)
where r, (B) denotesthe inverse demand function for debt. Thus, (39) impliestherate

of interest on debt is bid up to the point where, in equilibrium,

f'o

1-75 .

ry(B) = (40)

This formulation correspondsto the result established in Proposition 2 above for alevel
riskless perpetuity. It does not, of course, hold for arbitrary finite cash flow profiles,
where the BT rates which ensure AT equilibrium are more complex (asindicated in

Proposition 1).

Miller [1977] doesalso briefly consider the risky perpetuity case, but says little about
how the relationship between BT and AT rates is changed for this case, commenting
“Default risk can be accommodated... by merely reinterpreting all the before-tax

interest rates asrisk adjusted or certainty equivalent rates.” (p. 271). Thisappearsto
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suggest that the simple ‘grossing-up’ procedure above remains valid for moving from AT
to BT interest rates when dealing with risky bonds. However, the above analysis shows
that thisis not correct - except, of course, for the special case of the level risky perpetuity

when the rate of taxation on capital gainsis zero (asin equation (28)).

Recall that in the Miller [1977] model, 75, isused astherate of taxation for ‘income

from bonds'. Income includes cash disbursements and capital gains. For the level
riskless perpetuity, there are no capital gains, hence income is equal to cash
disbursements. However, for most other cases, including that of risky level perpetuities,
income is not equal to cash disbursements. Given the debt marginal rate 75, in Miller
[1977] appliesto income, it would appear that, implicitly, debt capital gains and cash
disbursements (the two components of income) are taxed at the same rate, ruling out a
zero capital gainstax rate for debt. 1f S0, the smple ‘grossing up’ formula of type (40)
cannot be applied in such acase. Logically therefore, whilst the general thrust of the
Miller model obviously makes sense, the formal ‘model’ as sketched in the 1977 paper
works in the way described there only if it isrestricted to the case where debt is
perpetual, congtant and riskless, the equity cash flow isalevel risky perpetuity, and the

tax rate on equity capital gains is zero.

IV. BT and AT discount rates in the literature

This section examines the surveyed works which focus on the valuation of non-level and
finite risky cash flow profiles in the presence of personal taxes (Clubb & Doran [1991,
1992], Appleyard & Strong [1989], Strong & Appleyard [1992] and Taggart [1991]).
There are, within the framework of assumptions A1-A6, generally five determinants of

multi-period BT discount factors, and four in the special case of alevel perpetuity. Two
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determinants are asset-specific: risk, reflected in 77, , and the number of periods, T

(which is not relevant, of course, in the case of the perpetuity). The remainder are
general parameters. tax rates, rand 7y, and the riskless one-period AT discount factor
71, . Thislatter determinant arises from the tax deductibility of capital investmentsin

calculating capital gainstax liability; such investments are always known for certain one

period before discharge of the liability.

Turning now to the above literature, first note that all five surveyed models employ time-
invariant one-period BT discount factors. In accordance with the Corollary to Proposition
1, within the specified framework (assumptions A1-A6), time-invariant one-period BT

discount factors are incompatible with the assumption of time-invariant AT discount
factorsunlesstherates of taxation, 7and 7y, areequal. By the corollary to proposition 1,
for these modelsto be internally consistent, the condition 7= 7y (i.e. k=1) must therefore
hold as an explicit or implicit assumption. However, the model proposed in Clubb &
Doran[1991], in explicitly assuming a zero level of equity capital gains tax (thus setting
r > 1, =0 for these equity tax rates), violatesthe Corollary (which establishesthat,

when 7> Ty, it isinadmissible to assume that both BT and AT term structures for

discount rates are flat.*

Of the remaining four models, Clubb and Doran [1992] explicitly assume 7 =7, whilst

the other papers assume a constant overall or effective rate of tax on equity cash flows.

18 The relationship between AT and BT discount rates established in propostion 1isintrinsically non-linear
when 7>T, g The nonlinearity in the trandation between AT and BT rates needsto be recognized even in
the more general case wherethe AT term structure has an arbitrary shape.
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We have already established that this isformally equivalent to making assumption A2

for CGT and also to assuming that 7 =7, (proof in appendix 1). These models also
assume arelationship between BT and AT discount rates of the form

((8.1) :ﬁ—’;, (41)

which, using equations (2) and (3), gives adiscount factor of the form

ps0n="20"0, @)
77',51'

With 7 =7, from (4), k=1. However, equation (18) showsthat, for k=1,

m,(1-7)

p(B8,0,1) =arm, = ( : (43)

1-7, r)
Inaworld of personal taxes (7>0), the right hand sides of equations (42) and (43) will
beequa (and will therefore satisfy Propositions 1 and 2) if and only if S=f. That is, if
and only if all the cash flowsareriskless. Sincethe modelsin Appleyard & Strong
[1989] and Strong & Appleyard [1992] both assume the relationship in (42) holds for all
types of cash flow whether risky or not (i.e. S#), these models are internally
inconsistent, failing to properly account for the effect of the non-zero capital gainstax.
The remaining two models, Clubb & Doran [1992] and Taggart [1991], employ the
relationship in (42) only in the case of riskless cash flows. By restricting atention to this
(rather limiting) special case, these models are internally coherent, at least by the test

applied in the present paper.

V.  Sensitivity Analysis
Whilst the primary object was to examine the theoretical relationship between BT and
AT discount rates and factors and to examine whether these had been consistently used in

the literature, it is of some interest to explore numerically the non-linear relationship
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between these rates. Suppose then that there is an underlying AT stationary equilibrium
inwhich AT discount ratesareflat. For illustrative purposesthe AT risk freerate is taken
to be 5%, therisky AT discount rate is 10%. Table 3 gives BT spot discount rates, for
effective tax rates of 5% and 20%,"’ for arange of maturities and rates of capital gains

tax. Figure 1 thenillugtratesthe term structuresimplied (for the 7 = 0.05 case).

Table 3: Implied BT discount rates (calculated using equation (19))

r=0.05 (5%) r=0.2 (20%)
Capital gainstax rae, 7, Capital gainstax rae, 7,

Y ear 0 0.05 0.1 0.2 0.4 0 0.05 0.1 0.2 0.4
1 0.158 | 0.103 [ 0.048 | -0.063 | -0.283 | 0.375 | 0.310 | 0.244 [ 0.113 | -0.149
2 0.129 | 0.103 | 0.076 | 0.021 | -0.098 | 0.230 | 0.202 | 0.173 [ 0.113 | -0.017
3 0.119 | 0.103 | 0.086 | 0.051 | -0.026 | 0.185 | 0.168 | 0.150 | 0.113 [ 0.031
4 0.114 | 0.103 | 0.091 | 0.066 | 0.012 | 0.163 | 0.151 | 0.139 | 0.113 [ 0.056
5 0.111 | 0.103 | 0.094 | 0.075 | 0.035 | 0.150 | 0.141 | 0.132 | 0.113 [ 0.071
6 0.109 | 0.103 | 0.096 | 0.082 | 0.051 | 0.142 | 0.135 | 0.128 | 0.113 [ 0.082
7 0.108 | 0.103 | 0.097 | 0.086 | 0.063 | 0.136 | 0.130 | 0.125 | 0.113 [ 0.089
8 0.107 | 0.103 | 0.098 | 0.089 | 0.072 | 0.131 | 0.127 | 0.122 | 0.113 [ 0.095
9 0.106 | 0.103 | 0.099 | 0.092 | 0.078 | 0.128 | 0.124 | 0.120 | 0.113 [ 0.099
10 0.106 | 0.103 | 0.100 | 0.094 | 0.084 | 0.125 | 0.122 | 0.119 | 0.113 [ 0.103

Figure 1 about here.
Suppose one poses the question, given the above figures, what kind of error would be
made by taking the AT rate grossed up by the effective tax rate (i.e. by using therate

r(1- 7)) rather than the correct BT discount rate? That is, if, instead of calculating the

correct value as, from (19),
r(ﬂ,T):[l‘%] {“*Pﬁ)(l*pf ‘fg)}-l, (44)
1-7 A-7,)1+p;)
the calculation

7 Asnotedin theintroduction, the concern hereis purey with establishing a consistent beforetax and
after tax trestment of the valuation process. For agiven cash flow (or st of cash flows), thereis of course
an estimation issue associated with identifying what the appropriate level is for effectivetax rates on cash
flows and on capita gains.
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(BT)= (45)

isused. Retaining the same parameter values ( o, =0.05, p;, =0.1,7=0.05 or 0.2) it is

then possible to calculate the percentage error in the calculation of the BT discount rate
which arises in using (45) instead of (44). However, for valuation purposes, it is
probably of more interest to compute the percentage error that would arise in using the
associated discount factor; that is, instead of using the correct factor (19), reproduced

here as

[1-7 (1-7,)1+p;) ' a
p(ﬂ’O’T)_[l_rg}{(l"'pﬁ)(l-'-pf_Tg)} ’ -

one used the discount factor based on the (incorrect) grossed up discount rate used in

(45), namely
N _ 1 _ 1-1 T_ 47)
PEOTIE ), [1+pﬁ-r}
1-1

The percentage error in this calculation is then given as

p(B,0,T)-p(B.0,T)
p(B.0.T)

%error = x100- (48)

Note also that, since discount factors are applied directly to expected cash flows, the
percentage error in these is identical with the percentage error in the valuation of the

associated cash flow. Table 4 below givesthe results for this latter calculation. The

percentage error naturally depends on the values assumed for 7,7, aswell asthetime

the actual cash flow isreceived, T. Intables3 and 4, 7 isset at 5% or 20%. Notice

that the errors involved depend significantly on the choice of 7. For example, if
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r, =0, the percentage error in valuation of a period 1 cash flow is 4.76% when the

effective tax rate r = 0.05, and over 22% when 7 =0.2.*8

Table4: Percentage Error Calculations for the Discount Factor - equation (48)
(= percentage error in the valuation of a cash flow)

r=0.05 (5%) r=0.2 (20%)
Capital gainstax rae, 7, Capital gainstax rate, 7,

Y ear 0 0.05 0.1 0.2 0.4 0 0.05 01 0.2 0.4
1 476 | -023 | -522 [ -15.19 | -35.15 | 22.22 | 16.40 | 10.58 | -1.06 [ -24.34
2 426 | 045 | -517 | -1459 | -33.41 | 1951 | 1410 | 870 | -2.11 | -23.67
3 377 | -0.68 | -5.12 | -13.99 [ -31.62 | 16.85 | 11.84 | 6.84 | -3.14 | -23.00
4 3.27 | -0.90 | -5.07 | -13.38 [ -29.79 | 14.25 | 9.63 5.02 | -4.17 | -22.32
5 278 | -1.13 | -5.02 | -12.76 [ -27.90 | 11.71 | 7.47 323 | -5.18 | -21.63
6 229 | -1.35 | -4.98 | -12.15 | -25.97 | 9.23 5.34 1.47 | -6.18 [ -20.94
7 1.80 | -1.58 | -4.93 | -11.52 | -23.98 | 6.80 326 | -026 | -7.18 | -20.25
8 1.32 | -1.80 | -4.88 | -10.90 | -21.94 | 4.43 1.22 | -1.96 | -8.16 | -19.54
9 0.84 | -2.02 | -483 | -10.26 [ -19.85 | 2.11 | -0.78 | -3.63 | -9.13 | -18.83
10 036 | -224 | -478 | -963 [ -17.70 | -0.16 | -2.75 | -5.27 | -10.09 | -18.12

These numerical calculations establish the fact that the discrepancies which may arisein
simply grossing up AT discount rates in order to deduce BT rates can be significant. Of
course, one might not start with an assumption that the AT rates are flat. However, any
analysis which attempts to move between BT and AT analysis must recognise the non-
linearity of the transformation outlined in this paper if potentially significant empirical
errorsareto be avoided. For example, one might wish to use data on observing BT
market values for assets, along with estimates of their BT expected cash flowsin order to
estimate the gppropriate rate a which to value the BT expected cash flows of some other
asset. A natural approach isto postulate an underlying after tax equilibrium, to usethe
BT observed datato infer AT discount rates, and then to use these to recongtitute the

appropriate BT discount rates for the new project/cash flow/asset. Inthis sort of analysis,

18 Andit was pointed out in footnote 5 that even smdll errorsin the valuation of a sngle cash flow may
giverisetolargeerrorsin the overall valuation of a project.
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as has been established in this paper, the move from BT to AT and back again must be

done with some care.

VI.  Summary

The literature extending the Miles-Ezzell ADMP approach to the case of valuing
arbitrary finite risky cash flow profiles in the presence of personal taxes is aimed at
furnishing arealistic yet practical approach to the capital budgeting problem. A
general starting point, explicit or implicit in this literature, is that the simple linear
relationship between BT and AT discount rates and the effective tax rate found in
Miller [1977] carries through to more general settings than the case where debt is
riskless and fixed in perpetuity and where equity income evades all personal taxes. It
is shown in this paper that Miller’s specific model is an unproblematic special case
precisely because it does assume the cash flow is a riskless perpetuity and that the
capital gainstax rate is zero. Any extensions of the ‘debt and taxes’ model to
incorporate positive equity tax rates— or risky debt —would seem to require a more

careful treatment of the BT/AT relationship identified in this paper.

The relationships identified here between AT and BT discount factors (discount rates)
have received no attention in the literature on valuation of equities in the presence of
personal taxes (although related issues have been discussed in work on the valuation of
bonds). Even those articles which do not suffer from the inconsistency problem
identified here do not discuss, or even mention, thisissue. This suggeststhat the
relationships discussed in this paper may not be widely known or understood (as
manifest by the fact that several papersin the above literature develop models based on

assumptions which turn out to be internally incoherent). Specifically, the models of



Clubb & Doran[1991], Appleyard & Strong [1989] and Strong & Appleyard [1991] are
found to be based upon internally contradictory assumptions; the valuation formulae
derived in these papers are consequently unreliable. The models contained in Miller
[1977], Clubb & Doran [1992] and Taggart [1991] are confined to special cases where it
turns out the model assumptions are internally consistent (although there is no discussion
in these papers of why there is aneed to confine attention to these rather special cases).
At an empirical level, the magnitude of the potential error that might be incurred by
assuming that both rates of taxation and BT/AT term structures are flat has been shown to
be potentially quite significant.'® The present paper clarifies the issues involved, such
that any future modelling in this areawill not suffer from internal inconsistencies of the

type described above.
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Table 1; Basic Notation

Cash flows and Values

X The BT actual cash flow received in period T.

X' An AT cash flow received in period t

V,: Market value a timet of x, (equivalently, the market value

of the future after tax cash flow profile
{ Xest» Xesas X7 } Which is generated by x; ).
Expectations
E (X ): Expectationattimetof x; (s<t<T) (note E;(X;) =X%;).
E (X...) : Expectationat timetof x,,,.(sst<T)
E (V,,) ExpectationattimetofV,,,.(S<t<T)
E.(V,): Expectetion (at time s) of market value V, a timet of the
risky cash flow x; to bereceived a time T (S<t<T)

(EM) =)

NB: T isused exclusively for the timing of receipt of a BT cash flow,
subscript s is reserved for the ‘present’ time a which
expectations are formed and for which closed expressions for the
value of x. will be derived (working backward from s=T
through to s=0),whilst the subscript t is used as a time counter
running between sand T.

Risk

B A risk parameter measuring per-period variability of future

expectations. f=1f denotestheriskless case.

Discount factors and discount rates

TTy A one-period AT discount factor; the market value (at time t)
per unit of E, (,,,) asafunction of itsrisk.
P A one-period AT discount rate

p(B,sT): A multi-period BT discount factor; the market value at
time sper unit of E,(x;) asafunctionof itsrisk 5.

r(B.T): The spot BT discount rate appropriate for discounting atime
T BT cashflow to timeO.
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APPENDIX

A1l Proof that assuming a constant effective tax rate and constant befor e and after tax discount
ratesimpliesthat T = Iy.

To establish thisresult, consider a simple transaction in which the marginal investor considers buying
an arbitrary multi-period risky cash flow {X.,.., %} (t<T)attimet-1and sellingitin periodt. The

conseguences are set out in the following table

Period Cash flow

t1 -V,_, (purchase of asset)

t V, (saleof asset)

t X (1—1,) (thereceipt of dividend cash flow, net of personal income tax,)
t —(\7t =Vi.1) Ty (payment of CGT).

Notice that we allow that both 7, , the dividend tax rateand 7, , the CGT tax rate might vary over time

gt
for the margina investor. However, for agiven time period, for any asset in the individual’ s portfolio
on which dividends are paid, the samerate of dividend tax must apply, and equally, for any capital
gainsrealised by such anindividual, the same CG tax rate must apply. That is, for the marginal
investor, personal tax rates are the same across assets at any given point intime. To simplify notation,

let V., =E (V) and X =E_,(%X). Theassumptions explicitly madein the literature are as
follows:

1) thebeforetax rate of return/discount rater is constant over time and over assetsin the same
risk class,

2) theafter tax rate of return/discount rate O isconstant over timeand over assetsin the same
risk class and finally,

3) p=r(l-1*) where T* isaeffective tax rate constant over time and across cash flows at
the same point in time (7* isthus a‘weighted average’ of the marginal investor’s dividend
and capital gainstax rates).

From assumptions 1) and 2), clearly

X +(V, V. _ % +V,
r = % or equ|va|mt|y \/t—l = X:[L+ rt (All)
p= (\Z _\/t_l)(l_ Tgt)+x(1_ Tt) (A1.2)
Via
Connecting (A1.1) and (A1.2) using assumption © =r(1—7*) gives
V. -V_|(1-7, )+X(1-T X +(V. =V._
( t tl)( gt) X ( t):(l_,*)w (AL.3)

Via

which simplifiesto give

t-1
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\Z(T* —rgt) =X (1, —I*)+Vt_l(T* —rgt) (AL.4)
Fird, note that a sufficient condition for thistoholdisthat 7, =7, =7* . Itisasonecessary. Tosee

this, supposethat 7* =7, # 0. In this case we can write (A14) as

X )+ (1 -1y

- (A1.5)
t
r* -7,
so that, substituting this back into (A1.1), we have
X(r, —-1*)+V_ (T*-T
@V, =%+ Sl (ALS)
r* -1,
X| T, —T
or \/H:ﬁ o (AL7)
r\r*-ry

Thus, theimplication of assuming 1), 2) and 3) above, when 7* Ty # 0, isthat one can writethe

value at timet-1 of an asset with arbitrary cash flow purdly as a function of the expected cash flow in
the next period (and tax and discount rates). That is, the value of the multi-period cash flow

{)~([ youy )@} would have to be independent of any cash flows happening after timet, a clear nonsense. ™
Given that the model isintended to ded with the multi-period and genera case, it follows that we must

impose T* =T, . But then, by (A1.4), thisalso entails 7* = 7, . Thus conditions 1)-3) above are

mutually consigtent if and only if 7, =7, =7*.

A2 Proof for Proposition 1.
In the paper it was established that, from equation (7),

VO = p(ﬁ’O’T)EO(XT) ! (A2.1)
and, from (10) and (15), that

Vi = Er (% )k(ar,) for i=1,2. (A2.2)
We now show that, for any i, (0<i<T, T =2),if

Vi = Er_j (% )k(arz,)! holds j =1,..,i (A2.3)
holds, then it is also true that

VT—(i+1) =B+ (XT)k(aﬂ,/;)i+l- (A2.4)

20 Any and all cash flow profiles of theform {%,.., %} which had the same expected
cash flow a timet must have the same value; that is, for a congtant effective tax rateto
hold and for 7* -7, # 0, the only type of cash flow that is admissible is the one period

cash flow, therather special and uninteresting case where {%,,.., %} ={%,0,0,...,0} .
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Oncethisis established therest of the proof isimmediate; by induction, if (A2.2)-(A2.4) hald, this
implies

V, = B (% )k(arz)" . (A2.5)
Hence, equating (A2.1) and (A2.5) gives the relationship between BPT and AT discount factors
specified in proposition 1, namely that

p(8,0,T) =k(ar,)". (A2.6)
Returning to the proof of (A2.4), let Y{,S ()() denote the value at time s of an AT cash flow Y which
aisesatimet (t>S). Now, from the value additivity principle,
Vi = Yooy () + Y3200 (Xra) #4200 (Xrs)
= YI-(i +1) (XT (1_ T) TNVt TgVT—l) + YI:%i +1) (_TgVT—l + TgVT—Z)
L AT G AVANEY VAN EER
+ YH: ;3 (_TgVT—(i—l) +T Ve ) + YI:i(Hl) (_TgVT—i + TgVT—(i+1)) (A2.7)
Since V; =0, clearly
Y7o (74V5 ) =0. (A2.8)

Following the principles of valuation discussed in the paper (section 2, the “AT approach”), the
following are straightforward to establish:

Yo (6 @=1)) = Q= 1) 71, Er iy (%) - (A2.9)
That is, the expected risky cash flow is discounted | +1 periods by the risky discount factor ure
Proceeding term by term, using (A2.3);

Y (rgVT_l) =T, TE 0y (Vey) = T 71 KAE () (%) (A2.10)
In (A2.10), note that the cash flow V;_; occursat time T, so isknown for certain at time T-1. Prior to
thet it isrisky, hence the discount factor is 77; 77"/3. Note also that (A2.10)makes use of the fact that
Er i V) = Er iy ( Er| (X‘I')k(aﬂﬁ)j) = k(aﬂﬁ)j Er (%) for j=1,..,1, (A21)

by the law of iterated expectations (see e.g. Hamilton [1994, p742). This'‘law’ isapplied repeatedly
below. Thus,

Y;:%m) (_TgVT—l) = _Tgﬂfﬁ Er iy (Vr) = _TgﬁglkaET‘(‘ (%),

Y;jiﬂ) (TgVT—z) = Iy7T 7755_1ET—(i+1) (Vr_2) = 1477, ﬁglkazET-(iﬂ) (%),

Ylﬂlﬂ (_TgVT—(i—l)) = _Tgﬂ;ET—(nl) (VT—(i—l)) = _Tgﬂjglkai_lET—(i +1)(XT) ;

Yi:g: ;:B (TgVT—i ) = Tg ﬂf ”ﬂ ET—(i+:l.) (VT—i ) = Tg ﬂf niﬁﬂkai ET—(i+1) (XT) ’
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YI:i(Hl) (_TgVT—i ) = _TgﬂﬁET—(Hl) (VT—i) = —Tgﬁ};lkai ET—(i+1) (XT) .
Finally,
Yi:i(i +1) (TgVT—(i +1)) =TTV oy »
since the cash flow V;_;, occurringat time T —i isknown for certain at time T — (i +1) . Taking
thislagt term over to the LHS and gathering terms gives the result
(1-1)+1, (nf —1) ka
Vi (1—7Tf rg) = ET_(Hl)()cr)[iz‘;lJ +7, (ﬂf —1) ka’ (A2.12)

The RHS term in brackets can be written as

(1-7)+1 (nf —1) ka

+7, (71, -1)ka® :{(1— r)+ke, (r, —1)Zfla"} , (A2.13)
...... +7, (nf —1) kal

where the geometric sum on the RHS can be written as a(1- &' )/(1— a) .

Putting these together gives
. 1-a')
n‘*lM 1-7) +kr, (m, —1) 243 L A2.14
T(|+1) (1 7Tf g) ( ) g( f ) 1_a ( )

Working on the last term this smplifiesto give

{(1— r) +£ 11_‘TT }rg (m, -1)21(11_;:)} =(1- r){ll__%} (A2.15)

¥ |+( ) 1-7 i
VA n‘lM( ,){ gj

(1 T T g) 1-m1,

=Er ) ()('r)k(aﬂﬁ)i+l

Hence

(A2.16)

1-7 1-7
given that K =[ j and a =[ g j . This establishes (A2.4) and hence the result (A2.6)

1-7, 1-m1,

follows.

Appendix A3: Impact of T, Iy on the discount factor:

Equation (20) istrivid; this section establishes (21). From (18),



42

p(8.0.T) =[ LT ][ﬂ b-r,) )}T - (A3.2)

A
1-7, (1—7'[f T,

The partial derivative with respect to I, isgiven as (using the product, chain and quotient rules):

op(B,0.T) _ p(B.0T)
o7, (1_ Tg)

+[ 1-r jﬂ | 7T (1_ Iy )H (1_7Tf Iy )T +7TfT(1— T, )T_l (1— T, )T (A3.2)
1- I, B (1_ ., )ZT

which can be simplified to give

ap(B,0,T) p(,[?,O,T)((l—iTf rg)—T(l—zTf ))

o7, (1— rg)(l—ﬂf rg)

(A3.3)
which isequation (21) in the paper.



