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Introduction 

Assume the following electrical system: 

 

Task: Change/control U : i=i* (i*=demanded current), assume R=2 Ohms, 

L=1 H and i*=2 A: 

RLs+
1

 

Expected response: 

τ
 

Assume that you want a faster system (same steady state): 
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τ
 

L & R = constant hence we can ONLY change U but then  *iiss ≠

Ideally we would like: 

t

2A

U

=i* x R

I

 

So U=f(i*,i),  

 RiUii ** →⇒→  

 RiUii *0* →⇒→− , the difference  *ii − : is called ERROR 
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So we would like: 

RLs +
1

 

Where  *0 iie →⇒→

RLs+
1

 

Crosscheck: 

RLs
G

+
=

1
 

( ) ⇒−+=⇒
⎭
⎬
⎫

+−=+=
=

iGGRii
RiiiRieU

UGi
1*

***
 

( ) ( ) ( )

( ) 11

1
1
1

*
1*1

++
=

+
+

=⇒+=+⇒
sR

LG
RG

i
iGRiGi  which 

implies that ( ) ⇒<⇒+= τττ newnew R
L

1  faster system. 
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At the steady state: 

( ) ( )
2

11

12lim
11

1*
0

=
++

=⇒
++

=
→ sR

Ls
si

sR
Lii

sss . 

Hence the input to the system sees the output: Feedback (cornerstone of 

control systems) this is a CLOSED LOOP system. 

 

General closed loop systems 

A more general form for a CL system: 

HG
G

R
C

'1
'

+
= , where GGcG ×=' , Gc= TF of controller, G TF of plant 

or Open Loop (OL) TF: 

GGc

H

 

Our Task: DESIGN Gc and H (if applicable). 

Assume H=1 and Gc=K=const. 
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KR
K

KRLS
K

s
sC

KRLS
K

KG
KG

R
C

sss +
=

++
=⇒

++
=

+
=

→

2lim
1 0

 

If K>>R then Css=2, also: 

( )

( ) 1++

+⇒
++

=
SKR

L
KR

K

KRLS
K

R
C

 so  

( ) ⇒<⇒+= τττ newnew KR
L  faster system. 

A closed loop can also achieve a predefined steady state: 

OLFT: 
2

2
+

=
s

G  

Open loop response (desired current=1A): 

>> num=2; 
>> den=[1 2]; 
>> g=tf(num,den); 
>> step(g) 
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CLTF: 
K

KCss
Ks

K
R
CGCL +

=⇒
++

==
22

 

Closed loop response (k=10): 

>> numc=10; 
>> denc=1; 
>> gc=tf(numc,denc); 
>> gol=series(g,gc); 
>> h=tf(1,1); 
>> gcl=feedback(gol,h); 
>> hold on 
>> step(gcl) 
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Higher order systems 

Until now we have seen only 1st order systems with feedback. In these 

systems, the feedback and the controller influence the steady state and the 

time constant. The decrease of the time constant means that we moved the 

pole further into “minus infinity” area. Hence we changed the s-plane of the 

system. What is it going to happen if we use a 2nd order system in a feedback 

system? 

( )( )21
1

++
=

ss
G  

>> num=1; 
>> den=conv([1 1],[1 2]); 
>> g=tf(num,den); 
>> step(g) 
>> hold 
Current plot held 
>> numc=10; 
>> denc=1; 
>> gc=tf(numc,denc); 
>> gol=series(g,gc); 
>> h=tf(1,1); 
>> gcl=feedback(gol,h); 
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So apart from faster system and smaller steady state error we have 

oscillations! 

( )( ) kss
k

kss
kGCL

+++
=

+++
=

2321 2  

CE:  but the general from:  so 0232 =+++ kss 02 22 =++ nnss ωζω

32 =nζω  and  and for k=10 kn += 22ω 12122 =⇔= nn ωω  and 

hence 433.03122 =⇒= ζζ : 

>> [wn,z]=damp(gcl) 
 
wn = 
 
   3.46410161513775 
   3.46410161513775 
 
z = 
 
   0.43301270189222 
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   0.43301270189222 
 

So the feedback and the controller can completely change the location of the 

poles in the s-plane.  

Example: ( )( )( )321 +++
=

sss
KG  

>> num=10; 
>> den=conv(conv([1 1],[1 2]),[1 3]); 
>> g=tf(num,den); 
>> step(g) 
>> hold 
Current plot held 
>> num=50; 
>> g=tf(num,den); 
>> step(g) 
 
The open loop response for various gains is: 
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The open loop system will be stable for all values of K since they do not 
influence the poles of the system. 
 
The response of closed loop system for K=1, 10, 100 is: 
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Hence the feedback may introduce instability. 
 
To understand why we have these changes solve the CE. We will 

extensively study this at the “Root Locus” chapter. 

 
Properties of feedback systems: 

1. Minimise steady state error. 

2. Faster system. 

3. Less sensitive to system uncertainties.  

4. Introduce instability (even for negative feedback). 

5. Expensive (we need to feedback the signal, i.e. use a sensor). 
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Systems classification 

Types 

We already have seen some of these categories: 

• Electrical 

• Mechanical 

• Hydraulic 

o 1st order 

o 2nd order 

o Higher order 

 Overdamped 

 Underdamped 

 Critically damped 

 Stable 

 Unstable 

 Marginally stable and others 

Another way to classify control systems is to use the number of the poles at 

the origin of the OPEN LOOP system: 

( ) ( )( ) ( )
( )( ) ( )m

N
n

OL cscscss
bsbsbsK

sG
+++

+++
=

21

21  

This implies a pole multiplicity N at the origin.  This system is called type 

N. 
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 ( )
( )( )43

10
++

+
=

ss
ssGOL    =>  Type 0 

 ( ) ( )( )
( )( )43

51
++
+−

=
sss

sssGOL    =>  Type 1 

 ( )
( )( )43

1
2 ++

=
sss

sGOL    =>  Type 2 

 ( ) ( )1005
1

22 −+
=

sss
sGOL   =>  Type 2 

 ( ) ( )1
1
105 −

=
ss

sGOL     => Type 5 

Note: THE TYPE OF THE SYSTEM IS DIFFERENT FROM THE ORDER 

OF THE SYSTEM!!! 

Error constants 

Consider a unity feedback system with an OLTF, G(s), hence: 

( ) ( )
( )

( )
( )sG

sG
sR
sCsGCL +
==

1
. 

( ) ( ) ( )sCsRsE −= , this implies that the transfer function between the 

error and the input is: 

( )
( )

( )
( )

( )
( ) ( )sGsG

sG
sR
sC

sR
sE

+
=

+
−=−=

1
1

1
11  
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And therefore ( ) ( )
( )sG

sRsE
+

=
1

1
 

From the final value theorem: 
( )
( )⎟⎠

⎞
⎜
⎝

⎛
+

=
→ sG

ssRE
sss 1
lim

0
 

For a unit step input: 

( ) ( )01
1

1

1
lim

0 GsG
ss

E
sss +

=⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

+
=

→
  

We define as static position error constant as Kp: 

( )( ) ( )0lim
0

GsGK
sp ==
→

 

Hence 
p

ss K
E

+
=

1
1

 

For a unit ramp: 

( ) ( ) ( )⎟⎠
⎞

⎜
⎝

⎛
=⎟

⎠

⎞
⎜
⎝

⎛
+

=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+
=

→→→ ssGssGssG
s

s
E

sssss
1lim1lim

1

1
lim

00

2

0
 

We define as static velocity error constant as Ku: ( )( )ssGK
su 0
lim
→

=  

And therefore 
u

ss K
E 1

=  
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For a unit parabolic input: 

( ) ( ) ( )⎟
⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

+
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+
=

→→→ sGssGsssG
s

s
E

sssss 20220

3

0

1lim1lim
1

1
lim  

We define as static acceleration error constant as Ka: ( )( )s GsK
sa

2
0

lim
→

=  

And therefore 
a

ss K
E 1

=  

Types and error constants 

Another way to classify control systems is by their static error with a 

combination of their type. 

( ) 1=trError and unit step : 

1. Type 0: ( ) ( )( ) ( )
( )( ) ( )n

m
OL cscscs

bsbsbsKsG
+++
+++

=
21

21  so  

( )( ) ( )( ) ( )
( )( ) ( ) 'limlim

21

21
00

K
cscscs
bsbsbsKsGK
n

m
ssp =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+++
+++

==
→→

 

So 
p

ss K
E

+
=

1
1
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2. Type N>0: ( ) ( )( ) ( )
( )( ) ( )m

N
n

OL cscscss
bsbsbsK

sG
+++

+++
=

21

21  

( )( ) ( )( ) ( )
( )( ) ( )

∞=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+++

+++
==

→→ m
N

n
ssp cscscss

bsbsbsK
sGK

21

21
00

limlim  

So  0=ssE

( ) ttr =Error and unit ramp : 

1. Type 0: ( ) ( )( ) ( )
( )( ) ( )m

n
OL cscscss

bsbsbsK
sG

+++
+++

=
21

21  so  

( )( ) ( )( ) ( )
( )( ) ( )

0limlim
21

21
00

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++
+++

==
→→ m

n
ssu cscscs

bsbsbsK
sssGK  

So  ∞=ssE

2. Type 1: ( ) ( )( ) ( )
( )( ) ( )m

n
OL cscscss

bsbsbsK
sG

+++
+++

=
21

21  

( )( ) ( )( ) ( )
( )( ) ( )

'limlim
21

21
00

K
cscscss
bsbsbsK

sssGK
m

n
ssu =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+++
+++

==
→→

 

So 
v

ss K
E 1

=  
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3. Type N>1: ( ) ( )( ) ( )
( )( ) ( )m

N
n

OL cscscss
bsbsbsK

sG
+++

+++
=

21

21  

( )( ) ( )( ) ( )
( )( ) ( )

∞=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+++

+++
==

→→
m

N
n

ssa
cscscss
bsbsbsK

sssGK
21

21
00

limlim

 

So  0=ssE

( ) 2

2
1 ttr =Error and unit parabolic input : 

Similarly we find that: 

Type 0:  ∞=ssE

Type 1:  ∞=ssE

1. Type 2: 
a

ss K
E 1

=  

2. Type N>2:  0=ssE

From the above the following table can be derived: 
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 ( ) 1=tr  ( ) ttr =  ( ) 2

2
1 ttr =  

Type 0 
pK+1

1
 ∞  ∞  

Type 1 0 
vK

1
 ∞  

Type 2 0 0 
aK

1
 

 

Hence if we want to decrease the error we have to increase the type of the 

system. 

PID control 

From previous table, if the type is 0 then we have a steady state error for a 

step input. Also by increasing K, we increase the oscillations and we may 

cause instability to the system. Hence we need another solution. 

Consider the system: ( )
( )( )( )321 +++

=
sss

KsG  for K=10: 
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To increase the type of the OLTF (which is GCxG) we add an integrator: 

s
KKsG ipc

1)( +=  => 
( )( )( )321

1)(
+++

+
=

ssss
KsK

sG ip
OL  

(This is the so-called PI controller). 

1

s  +6s  +11s+63 2

Transfer Fcn
Step Scope10

Kp

1

Ki

1
s

Integrator
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Further increase of Kp, Ki: 
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Check the derivative of error, i.e. the rate of change of e: 

0 2 4 6 8 10
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De

e

 

Maximum value of De just before e=0. So De can control the oscillations: 

sK
s

KKsG dipc ++=
1)(  => 

( )( )( )321
1)(

2

+++

++
=

ssss
KsKKs

sG ipd
OL  
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1

s  +6s  +11s+63 2

Transfer Fcn
Step Scope

20

Kp

10

Ki

1

Kd

1
s

Integrator

du/dt

Derivative
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Since I have no oscillations I can increase Kp a little bit more to make the 

system faster: 
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Another way to write the PID controller: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++=++= s

K
K

sK
KKsK

s
KKsG

p

d

p

i
pd

i
pCL

11)(  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++ sT

sT
KsG d

i
pCL

11)(  

 

Tuning of PID controllers 

1. Trial and error. 

2. Ziegler Nichols I 

3. Ziegler Nichols II 

4. Root locus 

5. Frequency response 

6. Other advanced control methods 

Trial and error: 

P: Faster system, in some cases reduces the error (can cause instability). 

I: Reduces the steady state error, increases the number of oscillations. 

D: Reduces the oscillations. 
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Ziegler Nichols I 

Assume a system with no delays (we do not study these systems) and with 

no-complex conjugate poles. 

 

Its open loop step response may look like (obtained experimentally of from 

simulations): 

 

This can be modelled as: 

1)(
)(

+
=

−

Ts
Ke

sU
sC Ls

 

Based on that we have the following table: 
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Type of 

controller 
Kp Ti Td

P L
T  ∞  0 

PI L
T9.0  3.0

L  0 

PID L
T2.1  L2  L5.0  

 

Ziegler Nichols II 

Initially assume Ki=Kd=0. 

Increase Kp until the system is marginally stable. Record the Kp=Kcr and the 

frequency of oscillations: 

0

t,s

c(
t)

Pcr
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Type of 

controller 

Kp Ti Td 

P crK5.0  ∞  0 

PI crK45.0  
crP

2.1
1

 
0 

PID crK6.0  crP5.0  crP125.0  

 

These methods aim at achieving an overshoot of 25%. 

Root locus method 

With the RL we specifically target a pole location at the s-plane, i.e. we 

target damping factors, natural and damped frequencies. 

Example:  

The OLTF is 
3411

1)( 2 −+
=

ss
sG  use a PI controller. 

( )34113411
1)( 22 −+

+
=

−+
⎟
⎠
⎞

⎜
⎝
⎛ +=

sss
KsK

sss
KKsG ipi

pOL  

( ) ip

ip
CL KsKsss

KsK
sG

++−+

+
=

3411
)( 2  

This is a 3rd order system = 2nd order x 1st order: 
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CE: ( ) ( )( )222 23411 nnip ssasKsKsss ωζω +++=++−+  

( ) ( ) ( ) 222323 223411 nnnnip asasasKKsss ωωζωζω +++++=++−++
 

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

=

+=+−

+=

2

2234

211

ni

nnp

n

aK

aK

a

ω

ωζω

ζω
 

Assume that the design specs are: 
⎭
⎬
⎫

⎩
⎨
⎧

=

=

5.0
6

ζ
ωn  

 So:  
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

=

=
=

⇒
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

=

+=+−
+=

180

100
5

36

36634
611

i

p

i

p

K

K
a

aK

aK
a

Matlab: 

CL response, no controller: 

>> num=1; 
>> den=[1 11 -34]; 
>> g=tf(num,den); 
>> gcl=feedback(g,1); 
>> step(gcl) 

Chapter 3 30/35



Spring 2008 EEE 2002 

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
Step Response

Time (sec)

A
m

pl
itu

de

 

CL, response, PI controller: 

>> kp=100; 
>> ki=180; 
>> gc=tf([kp ki],[1 0]); 
>> gol=series(gc,g); 
>> gcl=feedback(gol,1); 
>> step(gcl) 
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Homework:  

Find the PID gains : the CLTF of 
166

1)( 2 ++
=

ss
sG  has 

⎭
⎬
⎫

⎩
⎨
⎧

=

=

5.0
6

ζ
ωn  

and a real pole at a=-5. 
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Solution: Kp=50, Ki=180, Kd=5. 

 

Frequency response – Advanced methods 

We will not study these. 

Other controllers 

By using the previous (root locus) method we can design more general 

controllers. 

Example: 

R(s)

C(s)

C(s)( )
( )bs

sK
+
+ 21

2
2

s
K

 

?
?21

=
=

b
KK

 
o

n

60

6

=

=

θ

ω
 

( ) ⇒
⎭
⎬
⎫

=

=
o

n

60cos

6

ζ

ω

⎭
⎬
⎫

⎩
⎨
⎧

=
=

5.0
6

ζ
ωn

 

( ) ( )
2
21 2

s
K

bs
sKsG
+
+

=  
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( )
( )

( )
( ) ( )2

2
2

21

+++
+

=
=

sKsbs
sK

sR
sC KKK

 

02: 23 =+++ KKsbssCE  

( )( )2223 22: nnssasKKsbssCE ωζω +++=+++  

( )( )2223 22: nnssasKKsbssCE ωζω +++=+++  

( ) ( ) 222323 222: nnnn asasasKKsbssCE ωωωζζω +++++=+++
 

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

=

+=

+=

2

2

2

2

2

n

nn

n

aK

aK

ab

ω

ωωζ

ζω

⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧

=
=
=

⇒
54

3
9

K
a
b

 

 

Example: 

( ) ( )( )15.01 ++
=

sss
KsGOL , Unity feedback and input: r(t)=5t 

a) If K=1.5, find the steady state error 

b) The system must have steady state error, Ess<0.1 find the value of K 
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C(s)

C(s)

( )( )15.01 ++ sss
K

2

5
s

( ) =sR

 

( )
( ) ( )( ) Ksss

K
sR
sC

+++
=

15.01
( ) ( )( ) Ksss

K
s

sC
+++

=⇒
15.01

5
2  

 

( ) ( ) ( )sCsRsE −=  ( ) ( )( ) ⎟
⎠

⎞
⎜
⎝

⎛
+++

−=⇒
Ksss

K
s

sE
15.01

15
2  

( ) ( )( )
( )( ) ⎟

⎠

⎞
⎜
⎝

⎛
+++

++
=

Ksss
ss

s
sE

15.01
15.015

 

( )( )
( )( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
+++

++
=

→ Ksss
ss

s
sE

sss 15.01
15.015lim

0
 

K
Ess

5
=  

a) ...33.3
5.1

5
==ssE  

b) 1.0<ssE 1.05
<⇒

K
50>⇒ K  
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Example: 

( ) ( )( )101.0102.0 ++
=

sss
KsGOL  

a) Find the value of K such as the system is marginally stable 

b) Find the frequency of oscillations at that point 

( )
( ) ( )( ) Ksss

K
sR
sC

+++
=

101.0102.0
 

( )( ) 0101.0102.0: =+++ KsssCE  

For marginally stable system: ωjs += 0  

( )( ) 0101.0102.0: =+++ KjjjCE ωωω  

( ) ( ) jKjCE 0002.001.001.002.0: 223 +=+−−+×− ωωωω  

⇒
⎪⎭

⎪
⎬
⎫

=+−

=×−

003.0

001.002.0
2

3

Kω

ωω

⎭
⎬
⎫

⎩
⎨
⎧

=
=

srad /71.70
0

ω
ω

 and 150=K  
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