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State space transformations 

State space representations are not unique. We can have equivalent forms 

with the same input/output properties, for example same eigenvalues. 

)()()( ttt BuAxx  , )()()( ttt DuCxy   

Assume that Tzx  . T is an invertible matrix (not singular) and z is the new 

state vector: 

So )()( 1111 ttx BuTAxTzTzxTz
    

)(
~~

)(11 tt uBzAzBuTATzTz    , where ATTA
1~   is the state 

matrix and BTB
1~   is the new input matrix. 

And )(
~~

)()()( tttt uDzCyDuCTzy  , where CTC 
~

 is the new 

output matrix and DD 
~

 is the new input/output coupling matrix. 

Do these two systems have the TF?  
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Normal or Canonical Form 

We have seen that a similarity transformation transforms a state space model 

into another “equivalent” form using the formula: Tzx  , where zx,  are 

1n  vectors and T is an invertible nn  matrix. This means that the new 

system will have the same eigenvalues but different eigenvectors. The only 

requirement is that T is invertible. But what will happen if T has a specific 

form? For simplicity we will only see homogenous systems: 

zATTzzTATzzTAxzTxTzx

A


~

1  

Hence the new “equivalent” is zAz
~

  with ATTA
1~  . 

We have seen 1
~

 TT
AA tt ee  

So it is natural to ask what will be the form of the new state transition 

matrices, how they can be used to find the STM of the original system and 

the form of the new eigenvectors, as before we have 3 cases, for 2 

dimensional systems:  

 

Case 1: Real and distinct eigenvalues 21,   

In that case we choose  21 eeT   ( 21, ee  are the 2 LI eigenvectors) we 

have the new state matrix 







 

2

11

0

0~




ATTA  . 
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PBL: Prove that formula for the new state matrix 

Obviously if we have an n
th
 order system with only real and distinct 

eigenvalues then the new state matrix is: 



















 

n





000

000

000

000

~ 2

1

1


ATTA , with  neeeT 21  

The eigenvectors of the new 2x2 system are found to be: 




















































0

1
0

0

00
0

0

0

12
1

2

1
1

y

anythingx

y

x







 eI
























 

























1

0
0

00

0
0

0

0 21
2

2

1
2

anythingy

x

y

x





 eI  

Thus we see that the new eigenvectors are    TT
10,01 . 

We know that new state transition matrix is 









t

t
t

e

e
e

2

1

0

0~




A

.  Thus the 

state transition matrix of the original system is:  
1

2

1

0

0 








 TT

A

t

t
t

e

e
e




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Example: The state matrix of a system is 













1410

1011
A . Find the state 

transition matrix.  

Method 1: The eigenvalues and the eigenvectors are 6,9 21    and 

 T211 e  and  T122 e . Thus the FSM is: 

  







































tt

tt
tt

ee

ee
eet

69

69
69

2

2

1

2

2

1
X  

    




















 

3/13/2

3/23/1
0

12

21
0 1

XX  

Hence the STM is: 


















































tttt

tttt

tt

tt

eeee

eeee

ee

ee

6969

6969

69

69

3

1

3

4

3

2

3

2
3

2

3

2

3

4

3

1

3/13/2

3/23/1

2

2
 

Method 2: 

The eigenmatrix is 









12

21
T  and hence 














3/13/2

3/23/11
T , and the 

new state matrix: 









60

09~
A . Now the state transition matrix of the new 

system (called canonical system) is:  
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











t

t
t

e

e
e

6

9~

0

0A
 and hence the state transition matrix of the original 

system is: 



























































tttt

tttt

t

t

t
tt

eeee

eeee
e

e

e
ee

6969

6969

6

9
1

~

3

1

3

4

3

2

3

2
3

2

3

2

3

4

3

1

3/13/2

3/23/1

0

0

12

21

A

AA
TT
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Case 2: Complex Eigenvalues 

In that case we have 2 complex eigenvectors and we choose 

    eeT ImRe  and 
   

   








 





ReIm

ImRe~ 1
ATTA .  

PBL: Prove that formula for the new state matrix 

Obviously if we have an n
th
 order system with only complex eigenvalues the 

new state matrix is: 

 

 

 

















 

pp baC

baC

baC

,000

000

00,0

000,

~ 22

11

1


ATTA ,  

with   











ii

ii
ii

ab

ba
baC ,  and         pp eeeeT ImReImRe 11  , 

p=n/2. 

Again the new eigenvectors of the 2x2 system are given by: 

   

   
eI





























ReIm

ImRe
 

This can be written as: 
   

   
0

ReIm

ImRe













e




 

Now if we assume bja   we have: 
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 

 
00 

























e

bjb

bbj
e

bjaab

bbjaa
 

Since b is not zero:  





























































0

0

0

0

0

0
0

1

1
0

1

1

2 yjx

yjx

yjjx

yjx

jyx

yjx

y

x

j

j
e

j

j

 

Thus we have jxyyjx  0  

If we assume that x=1 then y=j:  Tj11 e  and obviously 

 Tj 112 ee  .  

In that case it can be proved that:        

     










tt

tt
ee tt





ImcosImsin

ImsinImcosRe
~
A  .  

The state transition matrix is of the original system is 

       

     
1Re

ImcosImsin

ImsinImcos 
























 TT

A

tt

tt
ee tt



  
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Case 3: Repeated Eigenvalues 

In that case we have only one LI eigenvector and to solve the system we 

have seen that we can find another LI (generalised) eigenvector by solving 

 bIAe  . Hence  beT   and we have as before: ATTA
1~   but now 

the result is 













0

1~
A  . 

PBL: Prove that formula for the new state matrix 

If we have an n
th
 order system with one eigenvalue:  



















 







000

100

010

001

~ 1


ATTA .  

The new eigenvectors of the 2x2 system are: 0
0

1























eI




. Which can 

be written as: 1,00
00

10









anythingxye  and hence the only 

eigenvector is  01e .  

The corresponding exponential matrix is: 









t

tt
t

e

tee
e





0

~
A

. Thus 

1

0










 TT

A

t

tt
t

e

tee
e




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