Spring 2008 EEE 8007

Chapter #2

EEE 8007

Digital Control

= Random signals

Chapter 2 1/20



Spring 2008

Random Signals

Deterministic signal: x(t) = Asin(27zft).

If A=1and f=1 Hz => @ t=1s x(1) =1sin(27)=0:
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To describe a random signal we have to define some of its properties:
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ix(k) (1)

Mean Value: u, _1
N o

Expectation of x = Mean value: E[x] = u

DC power of the signal
Mean of the square of x(n) => the total (or average) power.

>> x=rand(1,100);
>> m=mean(Xx)
m =

0.5126

Variance and Standard Deviation: range of values

N

Standard deviation: o, = \/%Z(x(k) u) 2)
k=1

The variance is the square of the standard deviation:

S (x(k) - ) ©
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Or:

13 13
:WZ(XZ(k))+ u —Zﬂﬂ:NZ(XZ(k))—ﬂZ (@)
And in terms of expectation:

Var = E{(x(k) - 4 |= E[x())? |- 1% = E[0e) - (Elx0)25)
The variance is a measure of the AC power of a signal.
In Matlab

>> v=var(x)
VvV =
0.0835

Normal Distribution: If the values of the random signal follow the next

shape then the random signal is called Gaussian (or normal):
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Probability Density Function

# samples

H—o, H u+o, Sample Amplidute

General speaking the Probability Density Function shows how likely is a

value to appear in a random signal.

>> x=randn(1,100);

3

at

1F

This is normally distribution signal with zero mean. If we want to increase

the mean then:

>> x=x+10;
>> plot(x)
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To find the probability density distribution we use:

>> plot(x)
>> hist(x,100)

White noise: A random signal whose frequency spectrum is flat. Hence all

the frequencies will appear.
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Correlation between random signals

Similarities among signals (random or not).

N
izv (6)
N i

If a signal is similar to another then the product of their samples will be

positive and hence the above sum will increase.

Cross correlation
N
Ruv(D) = Dvlk -+ Pwlk) = Efvn-+ ] 7
k=1
Auto correlation:
1 N
wli)= 2 vlk+ iv(k)=Elvln+ jin] (®)
k=1

The value of the auto correlation for zero shift is the same as the expected

square value, and hence is a measure of its total power:

R 02 3ukn(0)- EfTrbnl- L 3020~ 4] ®

k=1 k:l
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The cross correlation coefficient is the normalised cross correlation:

) Quli
\/[va (O)wa (0)] O\yOy

Rva(j):

(10)

Rw(0) and R,(0) => represent the total power of each signal. This ratio will
give us 1 if the two signals are totally correlated and zero if they are totally

uncorrelated.

If the random signal has a mean value other than zero then we can define the
covariance, cross covariance and the auto covariance (also called

covariance function):

Quli) = 3+ 1), )= )= EH )= s, )= 1, 02
QW(J')=%§:(V(|< +3) = a0y (k) = 1, ) = E{(vlk + ) = 1, Jv(k) = o1, )} (12)

=
Il
[

The auto covariance of random signal is a Dirac pulse when the shift is zero.

Q)= & 3600 )10 = B0 o) )= 2360

k=1 k=L
= E{(v(k)— i, ) }z o = Variance of v(k) (13)
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An important concept that can be defined is that if the two signals are
uncorrelated (totally independent) then their cross covariance and cross

correlation is zero.

Many times it is useful to find the cross covariance and the auto covariance

without the shift. Then we will end up to the covariance:

Qu(0)=C = 3K 4 (k) - )= EIVIK) - 4 ) - ) =%
(15)

As we defined the cross correlation coefficient we can define the cross

covariance coefficient as:

A Quli)  _Qwl(i)
Quw ()= .00 0] ovo (16)

and since we wusually do not use the shift in the covariance:

QVW(O) _ o’

\/[vi (O)QWW (O)] . OyOy

Quw (0)= (17)
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Covariance matrix of 2 signals:

C =cov(X(j))

{E((V(kﬂ) w NV(k) = 1,)) Bk + ) = ey Jw (k)—ﬂw))}:

E(W(K + ) = 22 JV(K) = 2y ) E(W(K + J) = 2y, (k) = 1)

{ E((v() = 22, Nu(k) = p1,))  E((v(K) = pa, Jwik) = s )} { awf}
E((w(k) — sy JV(K) = 1)) E((W(K) = 21 NW(K) = 1,) ?

Il
—1
O
g

Ow
(18)
Zero mean
HEvovk) Evkwk)]_[ 0”0y,
C(X(O))_{Ew(k)v(k) Ew(k)W(k)} O’ Ou >

To investigate all these in Matlab initially we will use the above terms in a

sine wave and in a cosine wave (with some noise):

clc
clear
close all

t=0:0.0001:2;
x1=sin(2*pi*t);
yl=cos(2*pi*t);

y=awgn(yl1l,0.1);
x=awgn(x1,0.1);

m_x=mean(x)
m_y=mean(y)
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var_x=var(x)
var_y=var(y)

std_x=std(x)
std_y=std(y)

cov_x=cov(X)
cov_y=cov(y)

cov_xy=cov(X,Y)
cov_yx=cov(Y,X)

corrcoef xy=corrcoef(x,y)
corrcoef _yx=corrcoef(y,x)

Rxx=xcorr(x,x)/length(t);

of X
tshift=-max(t):0.0001:max(t);
subplot(2,4,1)
plot(tshift,Rxx), grid
title("Auto correlation of x%)

Ryy=xcorr(y,y)/length(t);

of y

subplot(2,4,2)
plot(tshift,Ryy), grid
title("Auto correlation of y*")

Rxy=xcorr(x,y)/length(t);
of xy

subplot(2,4,3)
plot(tshift,Rxy), grid

title("Cross correlation of xy")

Ryx=xcorr(y,x)/length(t);
of yx

subplot(2,4,4)
plot(tshift,Ryx), grid

title("Cross correlation of yx")

Chapter 2

%

%

%

%

%

EEE 8007

Auto corelation

Shift

Auto corelation

Cross corelation

Cross corelation
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Cx=xcov(x,x)/length(t); % Auto covariance of
X

subplot(2,4,5)

plot(tshift,Cx), grid

title("Auto covariance of x*)

Cy=xcov(y,y)/length(t); % Auto covariance of
y

subplot(2,4,6)

plot(tshift,Cy), grid

title("Auto covariance of y*)

Cxy=xcov(x,y)/length(t); % Cross covariance
of xy

subplot(2,4,7)

plot(tshift,Cxy), grid

title("Cross covariance of xy*®)

Cyx=xcov(y,x)/length(t); % Cross covariance
of yx

subplot(2,4,8)

plot(tshift,Cyx), grid

title("Cross covariance of yx©)
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Auto correlation of x Auto carrelation of y Cross correlation of xy Cross correlation of yx
5 0.a

AN N
~
Ul
~

O
w
ol

cov_xy =
1.4757 0.0065
0.0065 1.4935
COV_yX =
1.4935 0.0065
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0.0065 1.4757
corrcoef xy =

1.0000 0.0043

0.0043 1.0000
corrcoef yx =

1.0000 0.0043

0.0043 1.0000

The same with two random signals with zero mean

clc
clear
close all

y=10*randn(1,1000);
x=10*randn(1,1000);

m_x=mean(x)
m_y=mean(y)

var_x=var(x)
var_y=var(y)

std_x=std(x)
std_y=std(y)

cov_x=cov(Xx)
cov_y=cov(y)

cov_xy=cov(X,Y)
cov_yx=cov(Y,X)

corrcoef xy=corrcoef(Xx,y)
corrcoef_yx=corrcoef(y,Xx)

EEE 8007

Rxx=xcorr(x,x)/length(x); % Auto corelation

of x
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% tshift=linspace(-length(x), length(x),1000);
% Shift

tshift=-999:999;

subplot(2,4,1)

plot(tshift,Rxx), grid

title("Auto correlation of x%)

Ryy=xcorr(y,y)/length(x); % Auto corelation
of y

subplot(2,4,2)

plot(tshift,Ryy), grid

title("Auto correlation of y*)

Rxy=xcorr(x,y)/length(x); % Cross corelation
of xy

subplot(2,4,3)

plot(tshift,Rxy), grid

title("Cross correlation of xy*)

Ryx=xcorr(y,x)/length(x); % Cross corelation
of yx

subplot(2,4,4)

plot(tshift,Ryx), grid

title("Cross correlation of yx*®)

Cx=xcov(x,x)/length(x); % Auto covariance of
X

subplot(2,4,5)

plot(tshift,Cx), grid

title("Auto covariance of x*)

Cy=xcov(y,y)/length(x); % Auto covariance of

y

subplot(2,4,6)
plot(tshift,Cy), grid
title("Auto covariance of y*")

Cxy=xcov(x,y)/length(x); % Cross covariance
of xy
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subplot(2,4,7)
plot(tshift,Cxy), grid
title("Cross covariance of xy")

Cyx=xcov(y,x)/length(x);

of yx

subplot(2,4,8)
plot(tshift,Cyx), grid
title("Cross covariance of yx©)

Auto correlation of x Auto correlation of y

Cross correlation of xy
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% Cross covariance

Cross correlation of yx

1000

100 100
Lo Eaii Lo e
BO[-----mmmof oo BOf------moofommm o
F L ] A0 f---mmmmoop oo
L ] L ] IR Rt
A o -
ET é oo o S o oo u oo e D
Auto covariance of x Auto covariance of y Cross covariance of xy Cross covariance of yx
100 100
0 ----mmmmmp e an
BOf----mmmmmpmmmmmm o 60
L 40
Mp-mmmmmmmofmmm oo 20
e o

-0 -0 i
1000 10m 1000 -000 0

m X =
-0.2104
my =
0.0112
var_x
96.6653
var_.y =
96.8008
std_x

319

I co Il

9.
std_ y

Chapter 2

-0 .
1000 1000 0 1000

16/20



Spring 2008

9.8387
COoV_X =
96.6653
cCov_ y =
96.8008
COV_Xy =
96.6653
-0.7819
COV_yX =
96.8008
-0.7819

-0.7819
96.8008

-0.7819
96.6653

corrcoef xy =

1.0000
-0.0081

corrcoef_yx

1.0000
-0.0081

-0.0081
1.0000

-0.0081
1.0000
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And with a mean +10:

Auto correlation of x Auto correlation of y Cross correlation of xy Cross correlation of yx
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9.6748
10.1080
100.6721
98.1436
10.0335

9.9067
COoV_X =
100.6721
cov_y =
98.1436
COV_Xy =
100.6721 2
2.7561  98.
COV_YyX =
98.1436 2.
2.7561 100.
corrcoef xy =
1.0000 0.
0.0277 1.
corrcoef_yx =
1.0000 0.
1.0000
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Random Signals and Vectors:

If I have n random signals then we can use vector notation:

% (K) |

X5 (K
2:( ) , Where X;(K), X,, ... X,(k) are random signals.

X (K) |
Each of these random signals (white or not) has an expected (mean) value:

[E(x (K))]

E(X)= E(Xf ) (20)

| E(% (K))]
The covariance matrix now can be defined as

_Qxlxl(j) Qxlxz(j) Qxlxn(j)_
c=cou(x(j)=| SV Gan D Qux )

_anxz(j) anxz(j) anxn(j)_

E((xa(k+ 1) = s Jou(K) = sy, ) Bl + )= 1 Jxo ()=t )+ ElDa(k+ ) = oy Jxa (k)= 125, )
E(xo(k + 3) — 0, Jou ()= 15, ) EColk+ 1) = a1, Jook) =1, )+ Ebak + 1) =, Joalk)— 11, )

E(x (k + ) = g, S0 (k)= s, ) E(06a (K + 1) = 1 Joxa k)= s, ) - B0y K+ 1) = 1 Jixa(K) = 25, )
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((Xl(k) Hy, XXI
i=of E((x, (0 - yx)(

E((X (k) - Hy, Xxl

2 2 2
Ox X1 X7 X X
2 2 2
2 2 2
_GX Xy Gxnxz GXan

~Hy ))

1) €l 015, Yl

1)) E(a () - s Jxo(k) - s

(k)_ Hy,

E((XZ (k) - Hy, sz

And if there is no mean:

E((x, (k)X (k)
O-fl 51X2 ' G)%lx
— O-)%le 52 O'fzx
_05 % anxz G)%nxn
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CE((x ()% (k) E((x (K))x,(K)) -
E((x, (k)N (k) E((xz (k) Nx2(K)) -+

E((%, (k)Xo (K)) -

E((x ())0xa ()
E((x2 ()%, (k)

E (% (K)Xxq (k)))]

EEE 8007

E((Xl(k) — My, Xxn(k)—
o Ellxo ) - Y,

E (o () — 41, o) -

(21)

(22)
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