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Chapter 2 EEE8013
1. State space representation, Observability, Controllability

Introduction: In the second chapter, we will expand on the material of the first
chapter which focused on the numerical and analytical solution of ODEs. This
chapter will transform the ODEs into state space form and we will derive the
numerical solution of the state space models. The relation between state space
models and Transfer Functions is studied and then the controllability and
observability of state space models is presented.

Example 2.1:

Derive a state space representation of the simple mass, spring system:

Using Newtonian mechanics we get:

2
mI X F B = mg=F - Bi—kx
dt dt

By choosing the states as x; = X, X, = X we have:

¥ = X=X % ok 17 [0
.1 == _B{ }
Xp =% :E(F —Bx, —kx) L‘j m  mlLX %
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XI 0 1 X] 0 -
Or| " |=] k B + F< x=Ax+Bu
X — — || x y
2 m m 2 m

Let’s assume that we can buy two sensors, that measures the displacement and

the velocity then the output is:

X L0 X Cx
=X, V= oY=
y=X y 0 1 y

Now assume that m=B=k=1 and the input force F is 0 simulate the numerical
solution, the analytical solution, the state space representation assuming zero

initial conditions.

Numerical solution:

d’x dx o
m—ng—B——kX:>X=—X—X
dt dt
rTchpe l‘:' Eﬁj
L IR ERIE RIEE
DT’% % el =
Add Integrator 1 Integrator

Scope

,—
First trace for x(t) or x1
Second trace for x’(t) or x2
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Analytical solution:

The ODE can be written as: X"+ X'+ X =0 where X(0)=0, x’(0)=0
x =e"(c,cos(bt) +c,sin(bt))

The solution can be written as:

X =C,X, +C,X, =e™(c, cos(bt) +c,sin(bt))

Now you can calculate ¢; and c;

x(0)=0, x’(0)=0 => ¢1=1, c,=11/3

x(t) =e"(c, cos(bt)+cg.'~:in(bt)):e_;t [cos(\/j )+ ! sm(\/_ )]

J3

Note: since a is negative the response is stable and it converges to zero with

some oscillations (under damped system).

O b—'
—H
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State space representation:

The state space representation of the system is:

X 0 Iy 0
{,1}: kK B {1} 1/ |F < %=Ax+Bu
X, —— —— X, 41

e A i S

4| Scope2 l | S

=20 @< i | OFK|EaE FE~

AddZ Integrator 2 Scope2

Note that the gains A, B, C are Matrix gains. You need to change the type of

multiplication in the gain block parameters to Matrix (K*u).
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-1 -1

-1

J oK Cancel Help Apply ‘)- 0K Cancel Help Apply

‘); 0K Cancel Help Apply

E Function Block Parameters: A . sl & | E Function Black Parameters: C ‘ 2 ‘
Gain Gain
Element-wise gain (y = K.*u) or matrix gain (y = k*u or y = u*K). Element-wise gain (y = K.*u) or matrix gain (y = K¥u ory = u*K). Element-wise gain (y = K.*u) or matrix gain (y = K*u or y = u*K).
Main | Signal Attributes | Parameter Attributes | Main ‘ Signal Attributes | Parameter Attributes ‘ Main | Signal Aftributes | Parameter Attributes ‘
Gain: Gain: Gain:
[01;-1-1] o1 eye(2)
Mu\t\p\icatm‘: IMamx[K’u) ) v] Muttiplicatid§: [Malnx(}(‘u) ) vl Multiplicatidg: lMatrix[K’u) ) v
Sample time (-1 ed): Sample time (-1 ed): Sample time (- ed):

Also the initial conditions of the states should be defined in the integrator

block but as a vector [x(0) x,(0)] so in our case it would be:

"4 Function Block Parameters: Integrator2

)

Integrator

Continuous-time integration of the input signal.

Parameters

External reset: [none

Initial condition source: [internal

sagdition:

[CI'Timit output

Upper saturation limit:

inf

Lower saturation limit:

-inf
[7] Show saturation port
[7] Show state port

Absolute tolerance:

auto
[7] 1gnore limit and reset when linearizing
Enable zero-crossing detection

State Name: (e.g., 'position')

9 [ ok [ cancel ||

Help

Apply
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Exercise 2.1: Try to solve the same problem assuming initial conditions of
x(0)=1, x’(0)=1.

Example 2.2: Find the state space model of the following system:

%+ 3%+ 2x = u(t)
y=x

We start by choosing our states as follow:
x1=x$)'cl=5c=x2

X, =Xx=>%x, =X =u(t)—3x—2x =u(t) —3x, — 2x;

e Sk
= +| |u(t) & x=Ax+Bu
| |-2 =3|x| |1

y=x=x, & y=[1 O]X < y=Cx

2

A:LOQ _13} B:_ﬂ c=[1 0]

Exercise 2.2: Assume u(t)=0, simulate the numerical solution, the analytical

solution and the state space model assuming x(0)=1, x’(0)=1.

Example 2.3: Find the state space model of the system (Tutorial 1l Q.4):

X=-3X—2x—5x+u, —6u, +7us
yi =X +u

y, = X + 3x + 5uy

Y3 = x — 3X + 2u,
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Using the classical modelling strategy:

X=X =2>X=X1 =X,

X=X, X=Xy = X3
X=x3=>X=-3X—2x—5x+u; —6u, +7us

== _3X3 - 2x2 - 5x1 + u1 - 6u2 + 7U3

0 1 0 0O 0 O
Hence: A= 0 0 1|landB=|0 0 O
-5 -2 -3 1 -6 7
The output egautions are:
Vi =X3tU
v, = x3 + 3x; + 5uy
y3 == X1 - 3x3 + 2u2
0 0 1 0 1 0
Andhence:C=1|3 0 1|andD=1|5 0 0
1 0 -3 0 2 0

Now simulate both numerical and state space representation asumming zero

initial conditions and u;=us=1 and u,=2.

Example 2.4: Simulate the homogeneous system:

SIS HES PN

Assuming [1 0] IC. Take care how to define D as [0;0]
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1
N S
Integrator2 Scopel
A
N X' = Ax+Bu ) ]
0 y = Cx+Du
Constant State-Space Scope2
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2. Relation of state space and TF using Matlab

By definition TF G(s): C(sl -A)'B+D and c(sl - A)” x(0) is the response to the

IC.

Transformation from state space to transfer function:

In Matlab we can use the command ss2tf to get the TF from the state space.
o If the system has only one input:

[num,den]=ss2tf(A,B,C,D)

e For multi input system us, Uz,...um

[num,den]=ss2tf(A,B,C,D,1) returns the TFs due to 1% input (u;)
[num,den]=ss2tf(A,B,C,D,2) returns the TFs due to 2" input (u,)

Example 2.6:

X2 2

Find the TF of {“H(’l g S}PHHU and y - [1 o{xl}(Tutorial 11Q.7)
10 )

Analytical solution:

G(s)=C(sl —A)'B+D
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sor-e af {2 T 2] 1]

s _1 10 1 s+05 170
Gl)-U O]L S+O_J H:mﬂ O]{ 1 M

G(s)=————1t O]H S P

= = X |1 =
s(s+0.5)+1 s| s(s+0.5)+1 s(s+0.5)+1

Using Matalb:
>> clear all
>> A=[0 1;-1 -0.5]; B=[0 1]'; C=[1 0]; D=0;
>> [num,den]=ss2tf (A,B,C,D)
num =
0 -0.0000 1.0000

den =

1.0000 0.5000 1.0000

This means that:

1
GBe)=——--—
() s +0.5s5+1

Example .7:
Find the transfer function of:

2 0

A=[4 1

], B = [ﬂ C = [_11 ﬂ D is the zero matrix.

Analytical solution: This system has 1 input (m=1) and 2 outputs (p=2)
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5(s) 1 {3(5 +1)}

T (5-2)5-1|3(s+3)

_3(+D)
G(s) (s-2)(s-1)

s+

(s—-2)(s-1
By using Matlab:
>> A=[2 0;4 1];B=[1;1];C=[1 2;-1 4];D=[0;0];
>> [num,den]=ss2tf(A,B,C,D)
num =

0 3.0000 3.0000 (1% output to input numerator)

0 3.0000 9.0000 (2" output to input numerator)

den =
1 -3 2 (Same denominator)
_ Y, (8) | _[Gu(s)
Y(s)=G(s)U(s)= {YQ (3)} = {ng (S)}U (s)
G, (s) :Yl(s) _ 25’s+5’
U(s) s —3s+2
G, (s) = Y,(S) _ 3s+9

U(s) s°—3s+2
Example 2.8:

Find the transfer function of the following system:
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)‘(2 :_—25
'y, ] [1 0
_y2_=_0 J{

1

Iy

Xy
X2

EEE8013

0
0

M

Try to find the TF matrix using analytical solution.

Using Matlab:

This system has 2 inputs and 2 outputs hence 4 TFs are required:

>> A=[0 1,-25 -4];B=[1 1;0 1];C=[1 0;0 1]1;D=[0 0;0

01,

15t input

>>

num

den

H

.0000

274 input

Module Leader: Dr Damian Giaouris — damian.giaouris@ncl.ac.uk
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1.0000 4.0000 (Y1 and Up)
0 =-25.0000 (Y, and U)
4.0000 25.0000
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>> [num,den]=ss2tf(A,B,C,D,2)

num =

0 1.0000 5.0000

0 1.0000 -25.0000

den =

1.0000 4.0000 25.0000

L:G _ s+4
U, & s%+4s+25
Y, -25
U_1_621_32+4s+25
L:G _ S+5
U, * s?+4s+25
Y, g __ 825
U, 2 s?+4s+25

Transformation from TF to state space:

YGs) _

_ hum
U(s)

~ den

G(s)

We use the Matlab command tf2ss:

[A,B,C,D]=tf2ss(num,den)

(Yl and U2)

(Yz and Uz)

EEE8013

Note that there are many different state space representations of the same

system. This Matlab command will give one possible representation.
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Example 2.9: Find a state space representation of the following TF:

Y (s 10s+10
():G(S): 10
U (s) s°+6s°+5s+10

>> num=[10 10];
>> den=[1 65 10],

>> [A,B,C,D]=tf2ss(num,den)

A=
-6 -5 -10
1 0 O
0O 1 0

B=
1
0
0

C=
0 10 10

D= 0
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3. Controllability and Observability

A state space system is completely observable if the rank of the observability

C
CA
matrix (M,), M, =| CA” |, is n (n is the system order). This implies that this

_CAn_]_
matrix contains n linearly independent row or column vectors. (that is, the
matrix M, is non-singular having non-zero determinant). If the rank of this
matrix M, is less than n then the system is unobservable. To check if the
system is observable or not in Matlab we use the command
rank (obsv (A,C) ). The answer is the rank of the observability matrix

M, which should be n for the system to be observable.

Example 2.10:

-2 0 2
Check if the following state space system X_[ 0 —J}HMU is observable.
y=[3 0]x

As in the lecture notes we can check the system observability by checking the

determinant of the observability matrix M, as follow:

MO{C}V 0}:|Mo|:‘3 0‘:0. Which means that the matrix Mo is
CA| |-6 0 —6 0

singular and the system is unobservable. If we want to use Matlab:
>> A=[-2 0;0 -17;
>> C=[3 0];

>> rank (obsv(A,C))
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ans =

This means that the rank of the observability matrix is 1 and since the system

order n =2 then the system is unobservable.

A state space system is completely controllable if the rank of the
controllability matrix (Mc),m. =[B AB A’B .- A"'B], is n (n is the system

order). This implies that this matrix contains n linearly independent row or
column vectors. (that is, the matrix M. is non-singular having non-zero
determinant). If the rank of this matrix M. is less than n then the system is
uncontrollable. To check if the system is controllable or not in Matlab we use
the command rank (ctrb(A,B)). The answer is the rank of the

controllability matrix M. which should be n for the system to be controllable.

Example 2.11:

L [-2 0 2
Check if the following state space system X { 0 —JHMU is controllable.
y=[3 2]x

As in the lecture notes we can check the system controllability by checking

the determinant of the controllability matrix M. as follow:

M. =[B AB]=B _04}:|MC|=‘§ _04‘=0. Which means that the matrix M. is
singular and the system is uncontrollable. If we want to use Matlab:
>> A=[-2 0;0 -17;

>> B=[2 0]"';
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>> rank (ctrb (A,B))

ans =

This means that the rank of the controllability matrix is 1 and since the system

order n =2 then the system is uncontrollable.
Example 2.12:

Show that the following system x:[_f 0}x+ﬂu, y=[s3 2]x is minimal

realisation.

>> clear all

>> A=[-2 0;0 -1];B=[2 1]';C=[3 2];
>> rank (ctrb (A,B))

ans =

>> rank (obsv (A,C))

ans =
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