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Section 4 Velocity Kinematics

4.1 Introduction

The following sections analyse the motion (velocity and static force
components) of a robotic arm. The method that we use is based on the book
of John Craig “Introduction to robotics”.

Important note: This is by far the most mathematical component of the
module.

4.2 Manipulator Motion
4.2.1Linear Velocity

Initially we have to define the idea of the velocity vector. Assume that at t=ty
we have a vector Q defined at a general frame {B} (BQ(tO) ). Then after time

the point Q is at ®Q(t, +At) and therefore we can define the difference
A(PQ(t, )E°Q(t, + At)-2Q(t,) . That vector can be scaled to create the rate of

B B B
change of °Q : A( (A?t(tO)): Qlty +AAtt)_ Qlto) which is the average velocity of
®Qfrom t=t, to t =t, + At. Finally we can impose the restriction that At — 0
and hence to define the instantaneous velocity:
|im(A(BQ(to ))j — Iim( BQ(to + At)_BQ(to )j — BQ(to + dt)_BQ(to) — d BQ(to):BV

At>0 At At>0 dt dt ©

At

{B}

Figure 4.1 Definition of velocity vector

As always/expected the length of that vector describes the magnitude of the
velocity and the angle of the vector describes the direction of the velocity.
We can also describe the velocity vector with respect to any general frame:

*(Bvy "R, BV,
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Notice that in general AVQ;tA(BVQ).
It is also possible to move {B} with respect to {A} so if *P is the vector defined

on {A} that describes the origin of {B}: V; :dd;AtP

Now we can combine these concepts to define the velocity vector of Vo when
Q is changing with respect to {B} and at the same time {B} also changes with
respect to {A}. The two origins are associated with the vector *P:

d*P
A B A A B
Vo =gt (3 AV, +"R, BV,

4.2.2 Rotational Velocity

The rotational velocity defines the velocity of an object (and not of a point as
the linear velocity does) and hence we have to define an angular velocity

vector*Q, :

"
3.4
AQB
{8}

N>
oe)

x>
®

A~

XA
Figure 4.2 Definition of angular velocity vector

Intuitively we can say that this angular velocity vector must have a relationship
with the rotational matrices (or with their derivatives). We will now study this
relationship:

Remember that we have said that the rotational matrices are orthonormal,

hence: RR" =1 and Rt=R"

T . o T . . T
:>$IR):O<:>RRT+RR :O<:>RRT+(RRTJ =0

Industrial Automation Lecture Notes
Module Leader: Dr. Damian Giaouris 3/8



Newcastle University
School of Electrical, Electronic & Computer Engineering

We define the new matrix S = R R"and hence S+S™ =0 . This implies that S

0 -c b
is a skew-symmetric matrix (effectively this meansthat S=| ¢ 0 -a|).
-b a 0

Assume now that we have a vector 2Q that remains unchanged with respect
to {B}: AQ:A(BQ}ARBBQ . If {B} is rotating with respect to {A} then:
¢'Q_d("R;"Q)_ "R

= BBQ since ®Q is not a function of time.
dt dt dt

A L]
AVQ: R:®Q. Now let's express Q with respect to {A}:
A, ~
Ny = RB(ARB)lAQ@AVQ:ASBAQ. Now we can state that S is the angular

0 -Q, Q Q,
velocity matrix (not vector), S=| Q, 0 -Q| where "Q, =|Q, | isthe
-Q, Q, 0 Q,

angular velocity vector.

A very interesting property of these matrices/vectors is that SQ:AQB xQ and
hence "Vp="Qyx"Q.

If we combine now the linear velocity of a vector with respect to a frame {B},
the linear velocity of {B} with respect to {A} and finally the angular velocity of
{B} with respect to {A} we have:

Vo ="V, +Rg Vo +4 Qs x*Q OF V="V, +"R, Vo +4Qx R, °Q.

4.2.3Propagation from link to link

It has been said that a manipulator is a chain of links. Link (n) can have a
velocity relative to links (n-1) and (n+1). The velocity now of link (n) will be
equal of the velocity (linear and/or angular) of link (n-1) plus any extra
components of joint {n}. At this point it must be mentioned that linear velocity
of link (n) means linear velocity of the frame {n} while the angular velocity of
link (n) is the angular velocity of link (n). Hence the linear velocity is
associated with a frame, while an angular velocity is associated with a body
(link).

Nomenclature:

U, is the linear velocity of link (n) with respect to frame {n}

"Q, is the angular velocity of link (n) with respect to frame {n}
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Without any further proof we will state the results:

If the joint n is revolute:

N— _n n-1— n-1 n-1
Up= Rn—l( Upg+ QX Qn)

n T
"Q,="R, ,"tQ, + {0 0 0n}

And if the joint n is prismatic:

n . T
”Unann_l(”‘lun_l+”‘1Qn_1x”—1Qn)+ {o 0 dn}

n _n n-1
Qn_ Rnfl anl

4.2.4Example 1: Revolute Joints

Z,

Figure 4.3 2 link revolute arm

Assume the two link RR manipulator in Figure 4.3, find the velocities of the
frames {1}, {2} and {3}. Frame {3} has been attached as we wish to express
the velocity of the origin of {3} with respect to the frame {3}.

Since all joints are revolute:
N— _n n-1.— n-1 n-1
Up= Rn—l( U+~ Qpgx Qn)

n T
"0,="R,,"tQ, + {o 0 en}
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Furthermore the equations for the position kinematics are:

°T, = Rot(z,6,)=°R, = Rot(z,6,)
T, = Trans(l;,0,0)Rot(z, 6,)='R, = Rot(z, 6,)
T, =Trans(1,,0,0)

°T, = Rot(z,6,)Trans(l,,0,0)Rot(z,6,)Trans(l,,0,0)=°R, = Rot(z,6,)Rot(z,6,)

So:
17,='Ry (00, +° Qpx°Q, 15, = (Rot(2,6,)) ™ (0+0)
n=1= R LIEN AT

= T
191{0 0 91}

|
2, =2, (1, +1 ,X1Q, ) 0, = (Rot(,6,))" oJ{o 0 al} o
0 =

T

e LIRS
292:2R11§21+[0 0 92}

ZQZ=Rot(z,92)[0 0 491} +[o 0 92}

0 1, sin(6,)6,
20, = (Rot(z,6,))* 0+ 6,1, 20, =| I, cos(6, )8,
0
= L |
0
, 0
= 0 ’Q,=| 0
Ot 0, Q+Q
1, sin(6,)6, 0 ]
SLT3=3Rz(2Uz + szzQs) wy=1{|l,cos(8,)6, [+| 0 |x|0
3 .
0 6+ 0, 0
= i i =
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Hence the linear velocity of the joint 3 is: °T, =

Newcastle University
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1,sin(6,)6, 0
|, cos(6,)6, |+ (92+ 49'1jl2
0
0
i ] =
0
0
0,+6,

1,sin(6,)6,

=|1,cos(6,)6,+ (92+ 91JI2

1,sin(6,)6,

0

1, cos(6, )6, + (92+ 49'le2 .

Now, to transform this with respect to the base, simply multiply with °Ra:

—1,5in(6,)6, -1, sin(6, + 02)(92+ Hlj

1, cos(6,)6,+1, cos(6, + 6, )(92+ Hlj

0

4.2.5Example 2: Prismatic Joints

For the PP robot find the linear velocity of joint 2:

ZlA

Yo
Z;
-
X5 d,

Xg

Y1

Yo

Figure 4.4 2 link prismatic arm
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Since the robot has two prismatic joints:
n . T
nUn=an_l(n_1Un_l +n_1 Qn_lxn_lQn )+ |:O O d n:|

nQn:an—ln_lgn—l
Furthermore the equations for the position kinematics are:

°T, = Rot(x, a,)Trans(l,,0,0)Rot(z, & )Trans(0,0,d,) = Trans(0,0,d,)=°R, = |
T, = Rot(x,90)Trans(l,,0,0)Rot(z,6,)Trans(0,0,d, ) = Rot(x,90)Trans(0,0,d,,)='R, = Rot(x,90)

°T2 =Trans(0,0,d,)Rot(x,a,)Trans(0,0,d,)

0 0
191=1ROOQO =O and 1U1:1R0(OUO+OQO><OQ1)+ O - 0

di| |ds
’Q,="R'Q, =0
0
0 0 0 0 _
2, 2R, (fu, +20,%1Q, J+ | 0 [=R,Muy +]0 | = (Rot(x90)) {0 |+|0 |=|d:
d d2 di] |d2] |d2

To transform this with respect to the base, simply multiply with °R.:

0

ds
Which is the correct vector since the z, points at the negative yj.
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