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SUMMARY

Interleaved boost converters (IBCs) are used when energy conversion is required at high current levels. Such
converter systems may undergo various nonlinear phenomena which can affect their performance adversely.
In this paper, we study an IBC and demonstrate the first instability through a Neimark–Sacker bifurcation,
resulting in a torus. An analysis based on the calculation of the monodromy matrix reveals that the torus
has a rather strange form as the complex Floquet multipliers that became unstable have a real value close
to�1. We show that further variation in a parameter can result in novel nonlinear phenomena where the torus
itself folds and grazes a switching manifold, resulting in a ‘wobbling’ of the closed loop that represents the
torus in discrete time. Numerical and analytical results validate our work. Copyright © 2013 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

Power converters have to be connected in parallel whenever power conversion is necessary at a higher
value of current than what the devices can carry [1–6]. By paralleling converters, the inductor current in
each phase is reduced, and hence the size of the inductor can be decreased [1,7–10]. This may be
necessary in high-current applications like motor drives and battery chargers, and also in situations
where the current carrying capacity of the switch is small, as is the case in on-chip power converters.

As with single converters, it is possible to control the voltage and/or the current depending on the
application [11–14]. In electric drives, usually an inner current loop and an outer voltage loop are
required, while in battery chargers, only a current loop is often employed.

Various strategies for controlling parallel-connected converters have been proposed in the literature
and are used in industry. These include, among others, the Master–slave logic [15, 16] and the Winner-
Take-All logic [17]. It is usually desired in parallel converters that the switches in the different legs
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operate in a complementary fashion (interleaving operation) thus reducing the current ripples seen
by the source and the load. The aforementioned strategies may be used for interleaving operation
[15], for example by appropriately designing the triangular waveforms used to produce the PWM
signals. Another approach is to directly control the switches complementarily [18] by normal peak
current controllers whose clock signals have an appropriate phase delay. It is also possible to have
only one peak current controller for the first phase and then to appropriately delay and use the
delayed control signal for the other phases. Like conventional dc-dc converters [19–29], parallel
connected converters may also undergo various bifurcations that force the converter to operate in
an undesirable way [30–32, 18,17,10]. This can cause many problems to the converter as it can
increase the current/voltage ripple, add extra harmonics and increase the switching losses. It has
been demonstrated [23] that it is possible for parallel-connected buck converters to lose stability
either through a period doubling bifurcation or through a slow-scale bifurcation [15], while parallel-
connected boost converters go through a slow-scale (Neimark–Sacker) bifurcation. Some work has
been done in studying the evolution of the torus in dc-dc converters [33–36], and how it may be
deformed or even destroyed. Normally, the mechanism involves a homoclinic intersection between
the stable and unstable manifolds of a saddle fixed point. In this paper, we demonstrate a new
mechanism of deformation of the torus through interaction with a switching manifold.

We study a two-phase interleaved boost converter (IBC) with two peak current controllers (one for
each phase). We report for the first time four interesting phenomena: (1) that a torus is created through a
slow-scale bifurcation of a fixed point with complex eigenvalues that have real part close to �1, and
hence the bifurcation has some characteristics of period doubling, (2) a folding that occurs on the
torus when the duty cycle becomes greater than 0.5, (3) a wobbling that appears on the torus when it
grazes one of the switching manifolds and (4) a saddle-node bifurcation on the torus creating a
period-4 orbit.
2. SYSTEM DESCRIPTION

The IBC has multiple ‘legs’ with inductors and switches sharing a common output capacitor. The
input current is distributed among the parallel legs which turn on sequentially, so that the input
current ripple is kept low and smaller inductances/diodes can be used. A simple approach to control
these converters is to use a peak current controller for the first leg and then delay the control signal by
2p/n for the other phases, where n is the number of the corresponding phase. Mathematically, this
creates a piecewise smooth vector field with one switching manifold that depends on the state vector
and n-1 manifolds that depend only on time. However, this approach does not allow independent
control of the separate legs which may be necessary at times to meet the demanded current. In such
cases, n separate controllers are used for each phase, whose clock signals are separated by 2p/n. This
ensures the proper and safe operation of each phase even in the case of unbalanced operation. In this
work, a two-leg converter was chosen for simplicity (Figure 1), and two separate controllers for the
two phases were used.
Figure 1. Schematic diagram of the current controlled interleaved boost converter. The nominal parameter
values taken in this study are Vin = 5V, R = 40 Ω, L= 1.5mH, C= 10 mF, T= 100 ms.
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FOLDINGS AND GRAZINGS OF TORI
The mathematical model of the system is given by the state space equations:
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where �si ¼ 1 when the switch Si is OFF. The two switching manifolds are given by h1(x,t) = x2� Iref,
h2(x,t) = x3� Iref. The orbit is allowed to move in the state space inside the area confined by these
two fixed switching borders, but cannot cross them. In order to obtain a Poincaré map, the state
vector has to be sampled in synchronism with the clock of one of the legs (we choose that of the
first leg). As the system is symmetrical, this will not cause a problem. However, this aspect has to be
kept in mind when analyzing the orbit, especially when the legs are unbalanced.

When the demanded current in each phase is 0.1 A, the response is a normal period-1 orbit as shown
in Figure 2. The current in the second leg is delayed by T/2s from that of the first leg, and the system
goes through the following sequence of switch states: (1) where S1 is ON and S2 is OFF, (2) where
S1 and S2 are OFF, (3) where S1 is OFF and S2 is ON and (4) where S1 and S2 are OFF. The duty
ratio is given by d = Ton/T, where Ton is the time that the switch is closed during one clock period.

As the demanded current is increased, this orbit loses stability through a slow-scale bifurcation as
expected, [23]. In this particular case, the resulting orbit has rather strange characteristics, as shown
in Figure 3(a). As Iref changes from 0.291165A to 0.291167A, the stable periodic orbit develops a
slow sinusoidal oscillation. However, the samples on the torus jump from one side to the other as
can be seen in Figure 3(a).
Figure 2. Time response of the two currents for Iref = 0.1A.
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Figure 3. (a) Sampled time response showing the unstable period-1 point and the stable torus at Iref = 0.291167A.
(b) Bifurcation diagram of a two-leg interleaved converter under peak current control.
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3. STABILITY ANALYSIS OF THE PERIOD-1 ORBIT

In order to study the aforementioned bifurcation, the eigenvalues of the fixed point in the Poincaré map
were calculated. As shown in [37], it is possible to determine the stability of the orbit by calculating
the monodromy matrix of the limit cycle (the state transition matrix over a complete clock period).
Care must be taken to include the effect of the two switching instances using the saltation matrix, [38,
39], see also the analysis in the appendix. The duty cycle can be calculated using the methodology
presented in [37] or, assuming equal inductances, using the formula:

Iref ¼ Vin

2

1

R 1� Dð Þ2 þ
DT

L

 !
(2)

where D is the steady-state duty cycle. The eigenvalues of the period-1 limit cycle for different values of
Iref are given in Table I which clearly show a Neimark–Sacker or slow-scale bifurcation [40] at
Iref = 0.291166A. The resulting birth of a torus is confirmed by the bifurcation diagram of Figure 3(b).
It is interesting to highlight the fact that at this bifurcation, the real part of the complex eigenvalues
also is close to �1, and hence the bifurcation has the dual characteristics of period doubling as well as a
Neimark–Sacker bifurcation. Because of the period doubling, a period-2 point develops on the Poincaré
section, and because of the (small) imaginary part, the two points rotate on a closed loop. Close to the
bifurcation point, the angle between two successive points on the torus is tan� 10.0349/
�0.9994= 3.1066 rads which agrees with our observation that the points on the torus jump from one
side to another (Figure 3(a)).

In an earlier publication, the occurrence of an ‘interactive bifurcation’ was reported [41], where a
pair of complex conjugate eigenvalues goes out of the unit circle, and at the same time a real
eigenvalue crosses �1. In contrast, a single pair of complex eigenvalues crossed the unit circle, but
had the real part close to �1 in the bifurcation described in this paper. Furthermore, two-dimensional
bifurcation diagrams were produced in order to check if this were a co-dimension 2 bifurcation or a
case of 1:2 strong resonance [40]. The bifurcation parameters were chosen to be the supply voltage,
Vin, and the demanded current, Iref. In all cases, the period-1 orbit lost stability through a slow-
scale bifurcation with a real eigenvalue close to �1. This excludes the possibility of having a 1:2
strong resonance. To our knowledge, such a bifurcation has not been reported earlier in power
electronic systems.
Table I. Floquet multipliers.
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4. FOLDING OF THE TORUS

As the demanded current is further increased, we observe a folding in the torus as shown in Figure 4(a).
In order to understand why this folding occurs, we need to consider the behavior of a period-1 orbit

for various values of the duty cycle. Generally, it is possible to have three qualitatively different
responses, shown in Figure 5. In the first case (D< 0.5), the first phase is ahead of the second, and
the switching modes are: (ON, OFF)! (OFF, OFF)! (OFF, ON)! (OFF, OFF). When D = 0.5, we
have only two cases: (ON, OFF)! (OFF, ON), while when D> 0.5, the switching modes are: (ON,
ON)! (ON, OFF)! (ON, ON)! (OFF, ON). Hence, we have a border collision (change in topological
sequence) when the duty cycle becomes 0.5.

When the torus develops in the system under consideration, the duty ratio varies from cycle to cycle.
When the demanded current becomes 0.29154A, there are cycles on the torus that have duty ratio
greater than 0.5. Numerical simulations showed that the maximum value of the duty cycle is 0.5005,
and that causes the onset of folding. By further increasing the demanded current, the folding
becomes more severe. Furthermore, as can be seen from Figure 6, the folding happens exactly where
the torus touches the demanded current (0.3A here). This can be explained by Figure 5. For D = 0.5
at t= 0 (the sampling instant), the current in the second phase is equal to Iref (Figure 5(b)). As the
(a) (b)

Figure 4. (a) Sampled state space orbit showing the folding, inner cycle for Iref = 0.2915A, middle cycle for
Iref = 0.29152A, outer cycle for Iref = 0.2916A. (b) Time domain waveforms of the sampled currents and duty

cycle of the first leg for Iref = 0.2916A.

Figure 5. Typical waveforms for D< 0.5,D= 0.5,D> 0.5.
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Figure 6. 2D sampled state space showing the folding, Iref = 0.3A.
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demanded current is increased and D> 0.5 (Figure 5(c)), the current at the observation instant will be
less than Iref (Figure 4b). This folding also stops the expansion of the torus as seen in Figure 3(b).
5. GRAZING OF THE TORUS

Another interesting phenomenon occurs when the demanded current is further increased; the torus goes
through repeated foldings much like the ‘chattering’ problem of mechanics (but unlike chattering
this happens in discrete time). The bifurcation diagram of Figure 3(b) shows some change in the
structure at around Iref = 0.36A. Figure 7 shows the torus when Iref = 0.365A where we see a
deformation of the loop. Following the sequence of events that leads to it, we find that this repeated
folding is caused by the grazing of the torus with the switching manifold. Figure 8 clearly shows
that when Iref = 0.35A, the torus is away from the manifold and when Iref = 0.36A, it just grazes it,
which initiates the repeated folding or ‘wobbling’.

Note that the grazing of the torus with the switching surface occurs in discrete time. Such a
phenomenon has earlier been reported in a mechanical system [42]. Furthermore, it is interesting to
note that even though the grazing occurs only in the area around iL1 ¼ Iref , the deformation is
observed in four different regions of the closed loop (Figure 7). This is explained by the facts that
(1) the fixed point located inside the closed loop has eigenvalues close to �1 and (2) there is a
symmetry between the two states. As it has been mentioned, when the orbit grazes the switching
manifold, multiple foldings take place that force the torus to deform. Due to the negative eigenvalue,
the points on the sampled torus jump from right to left and vice versa (see Figure 3(a)), and hence
this wobbling also appears on the left of the torus in the area where iL1 ’ 0:05 A. Also, there is a
symmetry between the two phases, and hence whatever happens in one phase in one specific instant
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Figure 7. Sampled 2D torus when Iref = 0.365A, including the two switching manifolds.
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FOLDINGS AND GRAZINGS OF TORI
will also happen in the other phase after a lapse of T/2s. When the period-1 orbit lost stability through a
slow-scale bifurcation, the torus that was created inherited this property. Suppose, starting from any
point on the torus, one has to go through N iterates to traverse the loop. Because of the above
symmetry, whatever happens on the torus at one specific point will also appear after N/2 samples
[43]. In this case, one has to go through approximately 138 iterates to traverse the loop, and hence
the wobbling appears again after 69 samples. This explains the two areas where the wobbling
appears in the bottom of the torus iL2 ’ 0:2 A . In order to further validate this, three- and four-
legged converters were simulated, which showed that indeed the deformation appears after N/n
points on the torus, where n is the total number of phases.
6. SADDLE-NODE BIFURCATION

After the onset of wobbling, as the demanded current is further increased, the wobbling increases, and
the torus appears to have rings on it (Figure 9), as if locally, there are period doublings on the torus.
This is revealed to be the approach of an impending saddle-node bifurcation. In the run-up to the
bifurcation, the round-trip time around the loop increases as a ‘bottleneck’ develops, and the period
increases to infinity. In many features, this is similar to the infinite period bifurcation observed in
continuous-time systems [44]: (1) that there is a bottleneck on the torus, i.e. points gather in specific
areas on the limit cycle in the sampled state space, (2) that the round-trip time around the closed

loop increases to infinity following an inverse square root law: T / 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iref bif � Irefj jp

and (3) that
the torus is destroyed by a saddle-node bifurcation, i.e. a stable and an unstable limit cycle are
created with one eigenvalue being 1.

After the onset of rings at Iref = 0.375, we observe that more points of the torus are gathered around
these rings. This is clear when Figure 8 is compared with Figure 9. The two figures are plotted with the
same number of points, but in Figure 9, a large number of points accumulate on the rings while the
other parts of the torus are sparsely populated. The rings, thus, represent the bottlenecks.
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Furthermore, as we increase the demanded current, we see that the time taken to traverse the closed
loop also increases [43]. For example, when Iref = 0.375 A, we need approximately 337 samples
(or 0.0337s) to complete a circle, while for 0.376A we need 707 samples. Figure 10 shows that the
round-trip time becomes infinite at around Iref = 0.3762718A obeying an inverse square root law. In
order to check the character of the period-4 orbit that appears towards the right of Figure 3(b), we
used a method similar to that in [43] and calculated the eigenvalues as the parameter is decreased
toward the bifurcation point; see also the analysis in the appendix. It was revealed that the period-4
orbit has an eigenvalue of 1 just after the bifurcation point (Table II), which indicates the occurrence
of a saddle-node bifurcation.
7. CONCLUSION

In this paper, we reported an instability in the IBC that is a Neimark–Sacker bifurcation with some
features of period doubling. In this bifurcation, a pair of complex eigenvalues crosses the unit circle
with real part close to �1 (i.e. the imaginary part is very small compared to the real part). This
bifurcation causes the Poincaré section points to flip between the opposite ends of a closed loop, and
to rotate on the closed loop.

We have also shown that the torus undergoes a fold when it makes contact with the switching
manifold. Further contacts with the switching manifold causes repeated foldings in quick succession,
which appear in ring-like structures on the closed loop. This is a grazing induced bifurcation where
the discrete-time closed loop grazes the switching manifold. Finally, we show that the torus is
destroyed by a saddle-node bifurcation.

APPENDIX A

In this section, we present the detailed steps in calculating the eigenvalues of the period-1 orbit in
Section 3 and of the period-4 orbit in Section 4.
Figure 10. The number of iterates in one full rotation around the torus versus demanded current showing that
the round-trip time increases to infinity.

Table II. Floquet multipliers of the period-4 orbit.

Iref Eigenvalues

0.37700 0.8777, 0.1847, – 0.8358
0.37680 0.8968, 0.1818, – 0.8325
0.37650 0.9333, 0.1765, � 0.8262
0.37640 0.9503, 0.1742, � 0.8235
0.37635 0.9614, 0.1728, � 0.8218
0.37632 0.9697, 0.1717, � 0.8205
0.37630 0.9769, 0.1709, � 0.8195

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. (2013)
DOI: 10.1002/cta



FOLDINGS AND GRAZINGS OF TORI
Eigenvalues of the period-1 orbit before the slow-scale bifurcation

According to (1), Figures 5 and 11, for D< 0.5 (a similar analysis can be followed for D> 0.5), the
evolution of the orbit in the state space is being governed by the following equations:

x DTð Þ ¼ eA sið ÞDTx0 þ
Z DT

0
eA sið Þ DT�tð ÞRdt ¼ Φ1x0 þ I1

x 0:5Tð Þ ¼ eA sið Þ 0:5�Dð ÞT x DTð Þ þ
Z 0:5T

DT
eA sið Þ 0:5T�tð ÞRdt ¼ Φ2x DTð Þ þ I2

x 0:5þ Dð ÞTð Þ ¼ eA sið ÞDTx 0:5Tð Þ þ
Z 0:5þDð ÞT

0:5T
eA sið Þ 0:5þDð ÞT�tð ÞRdt ¼ Φ3x 0:5Tð Þ þ I3

x Tð Þ ¼ eA sið Þ 0:5�Dð ÞTx 0:5þ Dð ÞTð Þ þ
Z T

0:5þDð ÞT
eA sið Þ T�tð ÞRdt ¼ Φ4x 0:5þ Dð ÞTð Þ þ I4

whereR ¼ 0 Vin=L Vin=L½ �T. The state transition matricesΦ are calculated using a series expansion:

Φ ¼ eAt ¼
X1
i¼0

Atð Þi=i (3)

In this work, the series was expanded up to seventh-order components.
Combining the above equations, we have the following expression that allows us to calculate the

location of the limit cycle using (2):

x Tð Þ ¼ x0 ¼ Φ4 Φ3 Φ2 Φ1x0 þ I1ð Þ þ I2ð Þ þ I3ð Þ þ I4 (4)

From Figure 11, we see that the period-1 orbit has two switching events that need to be represented
by a saltation matrix, one at t=DT and one at t= (0.5 +D)T; hence, the Monodromy matrix is given
by [37]:

Φ T ; 0; x 0ð Þð Þ ¼ Φ4 � S2 � Φ3 � Φ2 � S1 � Φ1 (5)

where the saltation matrices are given by:

S ¼ I þ f� � fþð ÞnT
nT fþ þ @h

@t t¼tΣj (6)

Therefore, for each value of the demanded current, we use (2) to find the duty cycle and then (4) to
find the location of the limit cycle and hence the switching instants and points. The state transition
Figure 11. State space for Iref= 0.1A.
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matrices are calculated by (3), and then with (5) and (6), we can find the Floquet multipliers and hence
can determine the stability of the system.

For example, for Iref = 0.2 A, (2) gave a duty cycle of D = 0.3397, and from (4)

x 0ð Þ ¼ 7:6397 0:0868 0:1726½ �T . The 4 state transition matrices are:

Φ4 ¼ Φ2 ¼
0:9441 1:5618 1:5618

�0:0104 0:9916�0:0084
�0:0104�0:0084 0:9916

2
4

3
5;Φ3 ¼ Φ1 ¼

0:8824 3:2157 0
�0:0214 0:9628 0

0 0 1

2
4

3
5

The two saltation matrices are:

S1 ¼
1 6:0033 0
0�0:4965 0
0 0 1

2
4

3
5; S2 ¼ 1 0 6:0033

0 1 0
0 0 �0:4965

2
4

3
5

This gives the monodromy matrix as:

Φ T ; 0; x 0ð Þð Þ ¼
0:4496 1:1078 7:9482

�0:0309�0:6567�0:2303
0:0101 0:0114�0:5503

2
4

3
5

And therefore the Floquet multipliers are:

0:4920 �0:6247þ 0:0013i 0:6247� 0:0013i½ �T

Eigenvalues of the period-4 orbit after the torus destruction
In order to determine the stability of the period 4, we calculated the eigenvalues of the stable period-

4 orbit just before it lost stability, going from higher to lower values of Iref. For each value of Iref, we
find the stable period-4 orbit by simulating the system until it reaches a stable behavior. The state
variables at the beginning of the period are extracted from it. For example, at Iref = 0.3763A, these

values are x0 ¼ 9:8216 0:2758 0:2122½ �T .
Then, we add a small perturbation to x0, and we record the value of x(4T). Since there are

nine unknown variables (the elements of the monodromy matrix), we repeat the same process two more
times. Thus, we have nine equations with nine unknowns which can easily be solved to determine the
elements of the monodromy matrix. Specifically, for the aforementioned value of Iref we used
three different initial conditions:

xA 0ð Þ ¼
x0 1ð Þ � 0:9999
x0 2ð Þ � 1:0001
x0 3ð Þ � 1:0001

2
4

3
5; xB 0ð Þ ¼

x0 1ð Þ � 1:0001
x0 2ð Þ � 1:0001
x0 3ð Þ � 0:99998

2
4

3
5; xC 0ð Þ ¼

x0 1ð Þ � 0:9999
x0 2ð Þ � 1:0001
x0 3ð Þ � 0:9999

2
4

3
5

Simulations starting from these initial conditions gave three state vectors at t= 4T. Substituting in the
equation

x 4Tð Þ ¼ Φ 4T ; 0; x 0ð Þð Þx 0ð Þ;

we get nine equations with nine unknowns, which when solved gave the monodromy matrix:
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. (2013)
DOI: 10.1002/cta
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�0:1427�8:9559 �0:9714
0:0318 1:2320 0:2985
0:0390 0:3062 �0:7610

2
4

3
5

with the eigenvalues:

0:9769 0:1709 �0:8195½ �T

This process was repeated for all values of Iref that appear in section 6.
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