Discontinuity Maps (The Taylor Series’ Heaven)

This my understanding of the concept of discontinuity maps as it is described in
"Piecewise-smooth Dynamical Systems: Theory and Applications™ by M. di Bernardo,
C.J. Budd, A.R. Champneys, P. Kowalczyk.

Motivation:

The state space is split into 3 areas; R? =S* UX U S™. The surface T is defined by a
smooth scalar function H(x(t),t). Hence S* = {x e R?:H(x(t)t)> 0} and

S = {x e R?:H(x(t)t)< O} while ¥ = {x eR?:H(x(t)t)= O} (in all these cases |
could have H (x(t)) instead of H(x(t)t)).

In that case | start from the point x, e S™ at t=0. | evolve through @, to the point
X :Ql(xp,tl,o)ez. Then using the jump map we go to R(x*)e S~ and we evolve
With @, t0 Xu =D, (R(x)ty,t;)e=. Now, using the jump matrix we go to
R(x«)eS*. The cycle is finisned by applying again @, to R(xw.)eS™:
P(x, )= ®;(R(X),T,t,). Thus the T-return or stroboscopic Poincare map is:

P(x, )= @] Rl ®,| Rl ®y(x,,t,0) | tat | [Tt (1)
N

X**



But if we start close to xp:

Xp = @, (X,1,,0),

>

Hence if we

use the same sequence of
P(X)= @, (R(®,(R(®;(%,1;,0))t,,t,)),T,t,) there is an error as at t=t; the new orbit is
noton X (itison X,) and it needs an extra time ¢ (J can be positive or negative).

This is obvious as we must apply the jump matrix to x, and not to Xo.

matrices



Solution:

So in order to overcome this problem we will still apply a map at x, but this map Q

will have to take into account that we are not on X . This map will take us to another
point X,'. Then using again the flow @, (for time o) we will go to R(xz) and from

that point the flow will continue as before. The same correction must be applied on
the second intersection at xs;. This map must also insure that if x, X then

Q(xo)=R(x,) (i.e. if 5 =0 then Q(x,)=R(%)):

P(%)=®,(R(x,).T,t, + )

Xo = ®@,(%,,,0
// ist': R(x;)
> / X £, (R0 ), + 61,1 +6)
X2‘®1§’<3't1+‘5’t1) //:(Dz(x3,t2+5l,t2)
/
X,'= Q%) X3 = D@,(R(%, ) 1.t +6)
t=t,

So that the new Poincare map is P(X)= ®;(Q(®,(Q(®,(X,1,,0))t,,t,))T,t,) and by
using the fact that Q(x(t))= R(x(t)) if x(t)e >:

P(xp )= 1(Ql®,(Q(®1(xp, 6.0 12,1 ) T, t2) @)

and hence the Jacobian:

P (Xp )= Dy (RO ), Tt )% Qy (Ko J 5, (RO D, 1y )x Qe (e )x Dy, (Xp 4.0) 3)



Calculation of the correction map O:

First we need to find where the point x; is and hence through that the time & .

Using a TS on x(t) = ®,(x,,t; +1,t;) wrt t around O (in this case x(t)e [xo, X, ]):

0Dy (Xg, by +t,1,)]

p |t=0(t -~0)+0(t?)=

X(t):q)l(xo’tl +t,t1):(l)1(xo,tl,t1)+

X(t)=Xo + F1 (%o )t + O(t?) 4)

By setting X, = X« + AX:

X =ch(xp,t1,0)

Xy =@, (Xg,t; +6,t;)

X(t) = X + AX + Fy (X +Ax)t+0(t2) (5)

Using a TS at Fy (X« + Ax) wrt x around xs:

Fi (X« + AX) = Fy (% )+ Fp (% )AX + O(sz) (6)
(5)2) X(t) = X« + AX + (Fl(x*)+ Fp, (% )AX + O(sz)) t+ O(tz)

X(t) = X« + AX+ Fy (X )t + O(sz,tz) )
Or X(t)= X + AX + Fy (% )t (8)



Also using the TS on H(x(t),t) wrt x, t around Xst;:

H(x(t)t) = H(xe,t, )+ H, (X, t NAX + Fy (% )t) + Hy (%, 1)t &

0

H(x(t)t) = Hy (%, ty NAX + Fy (%, 1 )t) + Hy (X, )t
H(x(t)t) = H, (%, 1 )AX + Hy (%, 1 )R (%)t + Hy (3,1 )t &

H(X(5),8) = Hy (%, 1) )AX + Hy (%o, b )P (X )8 + Hy (X, 1,)0 <

0= H, (Xe, t JAX + (Hy (Xe, t )Py (%) + Hy (%, )5 =

So_ H, (X, t JAX
H, (%, t )Py (%) + Hy (X, 1)

Now, x(t)=®,(R(x,)t; +8—t,t; +5)eS_
Using a TS on x = ®,(R(x, ), t, + 5 —t,t; + &) wrt t around 0:
X(t)=@,(ROp )4 —t+ 5,4 +5) =
X(t) = D, (R0G )G + 65— 0.4, +5)+ 6®2(R(X2)"1a‘:5 ~t+6)
(1) = D4 (RO M + 5= 0, +5)+ 8®2(R(X2)'tg5 “t+9)
x(t) = R(x, )+ F,(R(x,))t

By setting t=-5':

X(=6)=Q(%y) = R(x,) - F,(R(x, )5

t=0

t=0

(t—0)+0(t2)<:>

Butusing (8)att =0, X, = X« + AX + Fl(x*)cS and hence (12) can be written as

Q(Xg) = R(X« + AX + Fy(%+)5) = Fp (R(X« + AX + Fy(%)5))5

Using

a TS on R(X« +Ax+ Fy(x)5) wrt x at x=xx:

R(X« + AX + Fy(x:)5) = R(Xe ) + Ry (X AX + Fy (X))

Using a TS on F,(R(x. + Ax + F(x.)5)) wrt to R(x) at R(x)= R(x.):

(9)

(11)

(12)

(13)

(14)



Fy (R(%s + AX + Fy(x:)5)) = F5 (R(% ) + Ry (%« N AX + Fy(x.)5))

_E,(Rix.))+ 2R Ry (0 XAk + Fy (x.)5)

AR(x)

= F(R(x.))
Thus Q(%g)= R(%)+ Ry (%« AX + Fy(%)5)— F (R(x.))d =
Qlxo) = R(%)+ R (3 JAx + (R (% )Ry (x:) = Fy (R(x.))) (15)

Using (10) in (15):

Q)= R(X )+ R (6 )AX + (= R, (% JFy(%0)+ Fyp (R(x. )Tl JAX o

Qlxg) = R(Xe)+ R (% )JAx + (Fp(R(x)) = Ry (% )F ()

Q)= s Ao )R o g el

Q)= R( )+ ) (R Ry ot o)

Hy (%, t )Py () +

(16)

Thus the Jacobian is:

aQ(x)

0Xg

Q)= R+ (RO Ry (R ool a7

This is the saltation matrix.

A similar case is when we have a pure impact. In that case we expect F1=F:

Q(xo):R(x*)+[Rx(x*)+(F(R( &) thx(XX))F (x. ))(H (X) tl)j(xo—x*) (18)

A similar case is when we have a pure transversal intersection. In that case we expect
R(X)=x:

Q(Xo)ZX*+[| + ()~ Fix) Hy(x.) j<xo—x*> (19)

H (et )R (% )+ He (%, 1)




