
ZDM  

(Another Taylor Series’ Heaven!) 

The system is described by: 
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At the grazing point: 

( ) ( ) ( ) 0,0,0 **** >=== aavH xxx  

Let’s assume an orbit that (near) grazes a switching manifold: 
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We can define the Poincare map as: 

( ) ( ) ( )000*01 ,,,, ttxttTxxPx ΣΣ Φ+Φ==  (1) 
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To study the stability of this orbit we follow the classical Lyapunov method. This 

means that we add a perturbation and we see how the perturbations behave: 

Σ
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( )00* ,, ttxx ΣΦ=

( )
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+Φ=
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,,
,,
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0x̂

0tt =

( )00* ,ˆ,ˆ ttxx ΣΦ=

Σ= tt ˆ

( )*x̂R

( )( )Σ+Φ= tTtxRx ˆ,,ˆ 0*1

 

 

Then if we use the same map as in (1) there is obviously an error as the new orbit is 

different than the original one.  

Thus we need a map that will overcome this problem. This map, that will be applied 

at a neighbourhood around the grazing point, and will take into account the possibility 

of crossing the switching manifold. So I expect something like this: 
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⎨
⎧
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ΣΣ

 grazesor   crossesin x  starts orbit that  theif
 grazesor   crossnot  doesin x  starts orbit that  theif,

xZDM
x

x a  (2) 

 

 2



So lets zoom in an orbit that just grazes Σ  (all the previous symbols are re-initialised). 

Before we do that let’s assume that the switching manifold is ( ) 1xh =x , in that case 

: ( ) 2xv =x

Σ
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( )xv
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,,
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+Φ= δ
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,,
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+++Φ=
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,,
ttx
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The time needed to go from x0 to x6 is the same as x4 to x6, i.e. by ignoring the impact. 

From the above diagram we have that: 

( ) ( ) ( ) 0,0,0 321 === xHxHxV  (3) 

 

 

I define as: 

( ) ( ){ } ( ){ } ( ) 2
1000000min ,,min,,min yxHttxttxxH −≡=+Φ=Φ= δ  (6) 
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For a generic point x near  (like x1, x2, x3 and x4) we have: *x

( ) ( ) ( ) HOTxxFxFxF x +Δ+= **  (7) 

As  is not zero we can say that this term dominates the RHS of (7) and thus 

all other terms can be neglected: 

( )*xF

( ) ( )*xFxF =  (8) 

So from now on we will use ( )*xF  instead of ( ) ( ) ( ) ( 4321 &,,, xFxFxFxF ) .  

Similarly for  instead of ( ) ** axa = ( ) ( ) ( ) ( )4321 &,,, xaxaxaxa  

 

 

A point near x1 is given by: ( tttx xx )+Φ 111 ,, . Using a TS wrt time around t=0: 

( ) ( ) ( ) ( ) HOt
t

tttxt
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tttxttxtttx
t

xx
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∂
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== 2
,,,,,,,,

2
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2

111
2
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Now this flow can be evaluated for δ−=t  to get to x2 and for 1δ−=t  to get to x0. 

This will allow us to connect x0 with x1 using a simple expression: 

( ) txFxtttx xx 11111 ,, + ( )≈+Φ  (8b) 

and by setting δ−=t : I have ( )δ112 xFxx −≈  (9) 

And using (8) ( )δ*12 xFxx −≈  (10) 

Similarly: ( ) 1*10 δxFxx −≈  (11) 

Similarly: ( ) 0*20 δxFxx −≈  (12) 
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Now using the jump map I can relate x2 with x3: 

( ) ( ) ( 22223 xvxWxxRx )+==  (13) 

Hence Using (12): 

( ) ( ) ( )( ) ( )( )0*00*00*023 δδδ xFxvxFxWxFxxRx ++++==   (14) 

A point near x3 is given by: ( )tttx xx +Φ 223 ,, . 

Using a TS wrt time around t=0: 

( ) ( ) ( )

( ) ( ) HOTtxFxtttx

HOTt
t

tttxttxtttx

xx

t

xx
xxxx

++=+Φ

⇔+
∂

+Φ∂
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=

33223

0

223
223223

,,

,,,,,,
 

Evaluating this at 0δ−=t : ( ) HOTxFxx +−= 0334 δ  (15) 

And by neglecting HOT and using (8): ( ) 0*34 δxFxx −=  (16) 

 

Hence combining (16) and (14): 

( )( ) ( )( 0*00*004 )δδ xFxvxFxWxx +++=  (17a) 

Or  (17b) ( ) ( )2204 xvxWxx +=
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In (17b) we have 2 unknown factors: ( )2xW  and ( )2xv . As the point x2 is near x* 

we can replace ( )( )0*0 δxFx +W  with ( )*xW . Thus I simply need to find . ( )2xv

 

Using (10): ( )δ*12 xFxx −=   

Thus ( ) ( )( )δ*12 xFxvxv −=  (18) 

Using a TS on (18) wrt x at : 1x

( )( ) ( ) ( ) ( ) HOTxFxvxvxFxv x +−=− δδ *11*1  

Originally we have seen that ( ) 01 =xv , hence: 

( ) ( ) ( )
( ) ( ) ( )

( )
( ) δδ

δ

*2**2

*12

*

axvxFxvxv
xFxvxv

xa
x

x

−=⇔−=
⇔−≈

43421
 (19) 
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( )( ) y
a

ayttxH xx
*

2

*
2

111
2

2
0,, =⇒+−==−Φ δδδ  (21) 

Thus using (17b), (19) and (21): 

( ) ⇔−= y
a

axWxx
*

**04
2  

( ) yaxWxx **04 2−=  (22) 

Thus my only unknown now is δ . To find that I will use (8b) and I will evaluate 

the function H on that general point: ( ) ( ) ( ) ⎟⎟
⎠
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1111
txFxFtxFxH x  

Now, by taking the TS wrt x around x1  
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( )
( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )( )

( ) ⇔+−=

++−≈

++

++=

+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

=

2

2

2

2
2

22

2

1
2

111111
2

2

111

2

111
0

110min

22

111

1

2

11111

2

1111

1

txay

xFxFxHxFxFxHy
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( )( )
2

,,
2

*
2

111
taytttxH xx +−=+Φ  (20) 

By evaluating (20) at δ−=t  I have that  
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Thus we have the ZDM map: 

( ) ( ) yaxWxxZDM ** 2−=  

It is interesting to point that the Jacobian of that map is singular at the point of 

grazing as: 

( ) ( )
x
yaxWI

x
xZDM

∂
∂

−=
∂

∂
** 2  (23) 

But 
( ) ( ) ( )

( )1

11min

2
1

xHx
xH

x
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x
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x
y

−∂
∂
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∂
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≈
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−∂
=

∂
∂  (24) 

±∞→
∂
∂
x
yAnd as  I have  and thus: ( ) 01 →xH*xx →  
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Now let’s see how we can use this map.  

px

*x

nx

( )nxP1 ( )( )nxPZDM 1

( )( )( )nn xPZDMPx 121 =+

1+nx

 

The overall map is ( )( )( nn xPZDMPx 121 =+ ) , in the case where pn xx =  I have: 

 , i.e. indeed ( ) p

x

x

pn xxPZDMPx =

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜
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⎛
=+

44 344 21
321

*

*

121 pxx =  is a fixed point of our map. 

Going back to the definition of the map: 

( )(( nn xPZDMPx 121 =+ ))  (25) 

In order to simplify the analysis I will semi-linearise that expression. We will still not 

get an analytic form which we can use to find eigenvalues but it will give us an easier 

form. 

( ) ( ) ( ) ( ) ( )pnpn
n

n
pn xxNxxx

x
xPxPxP −+=−

∂
+= 1*

1
11   (26) 

Now let’s apply the ZDM on that point: 

( )( ) ( ) ( ) ( )( )pnpnpn xxNxHaxWxxNxxxNxZDM −+−−−+=−+ 1*min**1*1* 2  

Now the map P2: 
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( ) ( ) ( )( )( )pnpn xxNxHaxWxxNxP −+−−−+ 1*min**1*2 2  (27) 

And using a TS wrt x around x*: 

( ) ( ) ( ) ( ) ( )( )( )
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We can simplify this expression even more by using a TS on ( )( )pn xxNxH −+ 1*min : 
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The TS expansion of (25) wrt xn around xp will give: 

( )( )( ) ( )( )( ) ( )⇔−
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The Jacobian of this map: 
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∂
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∂
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Similarly, ( )( )
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Thus: 
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