Supplementary Materials

Appendix

A SMN distributions and their conditional distribution properties

Assuming X ~ N, (0,X), we can generate an n-dimensional SMN random vector Y’
(denoted by Y ~ SMN,, (i, 3; H)) by the transformation

Y = p+ &Y} (r)X, (A.1)

where p is a location vector, £(+) is a strictly positive weight function, and r is a posi-
tive scale random variable (independent of X') with its cumulative distribution function
H(r;v). We use the notation Y ~ SMN,,(u, 3;H). Given r, Y is a multivariate normal
distribution, i.e., Y|r ~ N, (u, k(r)3). Hence, the marginal density function of Y can be
expressed as
p) = [ oulys k() ) dH(), (A2)

where ¢, (+; p, X) stands for the pdf of the n-dimensional normal distribution with mean
p and covariance matrix 3. Some SMN distributions and their conditional distribution
properties are as follows:
(1) The multivariate Student-¢ distribution

When k(r) = 1/r and r ~ Gamma(r/2,v/2), Y follows a multivariate Student-t

distribution ¢, (s, 3; v), with pdf as

I'((v+n)/2)

p(y; pu, X, v) = OBIDRE ’27TE|*1/2(1 + d/z/)*(u+n)/2, (A.3)

where d = (y — p)"X ' (y — p) is the Mahalanobis distance. The multi-normal

distribution is the limiting case when v — 4o00. Given Y = vy, the conditional

v+n v+d

5, “2%). It comes the conditional expectation

distribution of r is Gammay(

2"T (v +n+2m)/2) (v +d)~™
L'((v+mn)/2)

E[r™|y] =

(2) The multivariate slash distribution



When k(r) = 1/r and r ~ Beta(r, 1), we get the multivariate slash distribution
SL, (@, 3;v)) with pdf as

v2r S|V (v 4+ n/2) Pi(v +n/2,d/2)(d/2)" "2y # u,

278|72u /(v +n/2), y=pu,
(A.4)

where P,(a,b) denotes the cumulative distribution function of the Gamma(a, b) dis-

ply; p, 3, v) =

tribution. When v — +o0, the slash distribution reduces to the normal distribu-
tion. The conditional distribution of r given y is a truncated gamma distribution
Gamma(v +n/2,d/2)L,1). Then, we get

I'v+n/2+ m)( /2)7mP1(V +n/2+m,d/2)
['(v+n/2) P(v+n/2,d/2)

E[r™[y] =

The contaminated-normal distribution

When £(r) = 1/r and r is a discrete random variable with pdf h(r;v,v) = vlg— +
(1 —v)[—y), with 0 < v < 1,0 < v < 1, we obtain the multivariate contaminated-
normal distribution CN,, (s, 3; v, 7). Its pdf is given by

Py, 2, v,7) = vou(yi 7' E) + (1= v)ou(y: p, 2. (A.5)
When v = 1, it reduces to the normal distribution. Given y, r is a discrete random
variable with the conditional distribution as h(r;7,~) = U=y + (1 = D)L(=1), with
1/ =1+ (1/v — 1)y "/?exp(—+52d). Hence, we get E[r™|y] = 0y™ + 1 — 7.

The observed and expected information matrix

We provide the information matrix of ® for the HPFR model. Since the SMN dis-

tributions belong to the elliptical distributions class (Fang et al., 1990), the observed

response y,, of the HPFR model follows an elliptical distribution EL,, (f&,,, 2m; gm),

where ¢,,,(-) : R — [0, 00) is the density generator such that [;° ¢, (u; v)du < co. The pdf

of y,, is given by

ym —‘Zm’ 1/2

where d,, = (y,, — um)TE,} (Y, — Bn), and

G (s ) = (2)7m /2 /C>Q kT2 (r) exp{ =K (r)dn /2} dH(r; V).

0



Thus, the log-likelihood function for © is given by

1©) = 3 1(0) = —3 - loa((£.) + 3 loxfan(duiv))  (BY)

and the score function of ® has a form as

a@l(e)) = _5 Z tr(z:nlzm@i) + Z gm,@i/gﬂ% <B2)
? m=1

m=1

where Em,@i and ¢, o, mean respectively, 03,,/00; and 0g,,/00;.
Denoting

L (w) = (2m) "/ /OOO k™ (r) exp{—r"(r)d,n/2} dH(r;v),w > 0, (B.3)

then g, and ¢, o, (with respect to B and 1)) can be expressed respectively as I,,(n,,/2)
and —1,,(n,/2 + 1)dm,@i /2. We can find g,, for some SMN distributions in Appendix A.
Specific forms of I,,(w) and dlog(g,,)/0v or Jg,,/0v are given below,

(1) for Student-t:

() = ()220 2D (/2 4 ) [T (1/2) (s + 1)),
dlog(gm) 1 v+mng, 1 v 1 d,, dyy — Ny,
oy~ )T gvlg) m gl TR o

where p(z) = dlog(I'(z))/dx is the digamma function.
(2) for slash:

In(w) = (27T)—nm/22u+wyf(y +w)P (v +w, dm/2)d7_n(y+w)a

d1og(gm)

=1 ™
5 Jv+c

where ¢,, = E[log(X)] and X follows a truncated gamma distribution Gamma(v +
N /2, dp/2)1(0,1).

(3) for contaminated-normal:
Lu(w) = (2m)" 261 (1d) + (1= 1) (/)]
OGm (o
T = (2m) Iy 2, (1) — (),

OGm (n,— Nm /2—
897 = (2m) D 2y 2 )61 () 2.

The observed information matrix J(©) can be approximated by >M_ 5,3 (M-
cLachlan and Basford, 1988), where 8,, = 0l,,(©)/00|g. By calculating the expectation



of the second-order derivatives of (B.1), we can obtain the Fisher information matrix
I[(©) = (Ie,0,)pxp, in which p is the dimension of ®. The elements of the information

matrix are calculated by

M
4
Iﬁz‘ﬁj Z n dgmu’mﬁ 2 “mﬁg

M
Ly = D [ amtr(Z0 B i 20 B s,) + byt () S )10 (B B

m=1

oy, = 30 Bl 2 (1, )ex(55 )

Yiv; _m:1 N, mayj m “~mz

M 02

Il/'V' - - E 1 m) |

== 3 Bl os(an)
Iﬂz% _Iﬂil’] = U,

where a,, = %, by, = % — i, fom = E(Wgzmdzn) dgm = E(Wngdm), in

which W, = al%(jm) with d,, = e e, and e,, ~ EL,, (0,1, ;gm). The asymptotic
variance-covariance matrix of 8 can be estimated via I_l(@). The expectation values of
fgm and d ,, for some SMN distributions (e.g., normal, Student-¢ and slash) have closed
forms (Cao et al., 2015). For contaminated-normal and other distributions, we need to

use numerical integration or Monte Carlo approximation.

C Technical details for information consistency

Lemma 1 Suppose y,, are generated from model (1) with 79 € F and we fit them by
SMGP with bounded covariance kernel function C(-,-;0) for any covariate values in X.

Suppose C(-,+;0) is continuous in 6 and 0 — 0 almost surely as n — oo. Then we have

1 _
—1og (Y| X ) + log p(y, |70, X) < G{e+log [T+ 67 Cul + b([Imollc + )}, (C.1)

where ||10||c is the reproducing kernel Hilbert space (RKHS) norm of 1o associated with
C(-,+0) and C,, = (C(x;, ;) )nxn, ¢, b and ¢ are some positive constants.
Proof. From the hierarchical structure of SMGP, we can rewrite the HPFR model

(omit subscript m) conditional on r by

y(t) = pu(t) +7(t) + £(1), (C.2)

where 7 = 7|r ~ GP(0, k(r)C(-, -; 8)) which is independent with the error term & = g|r ~
N(0, £(r)¢).



Let
Pyl Xo) = [ plylr. 7, X,) dpg(7). (C3)

where pg(7) is the induced measure from GP(0, x(r)C(-, -; 6)). Then we have

Pa(yaX0) = [ Pl lr. Xa)h(r) ar (C4)
and

p(y,|m0, Xn) = /p(yn|r, To, X n)h(r) dr. (C.5)

Let H be the RKHS associated with covariance kernel function C(+, -; @), and H,, be the
span of {C(-,@;;0)|i = 1,....n},ie, Hy = {f(-): f(®) =", ;C(x, x;;0), for any o; €
R}. Assuming the true underlying function 7y = 1| € H,, then given r, 79(-) can be ex-

pressed as
70(-) = £(r) Y eiC(-,z:;0) £ k(r)C()ex,
i=1
where C(+) = (C(-,1;0),...,0(,2,;0)) and a = (ay,. .., ).
By Fenchel-Legendre duality relationship, we have

—log pz(y,|r, X ) < Ep[—logp(y,|r, 7, X,)] + D[P, P], (C.6)

where P is the measure induced by GP(0, x(r)C(-,-;0)), and P is the posterior distribu-
tion of 7 from a GP model with prior GP(0, x(r)C(-,-;0)) and Gaussian likelihood term
» N, |7 (x;), k(r)e), where y,, = k(r)(C,, + ¢I,)a and ¢ > 0 is a constant to be
specified. Then we have
_ 1 — —
D[P, P] =3{~log IC.'C,| +log |B,| +t:(C. C,B:)
+ 1(r) |70 ])? + K(r)aT CW(C, C, — L) — n},

and
)
EP[_ lng(yan', 7\1’ Xn)] < - lng(yn|T', 7o, Xn) + itr(an;1>a (CS)

where B,, = I, + ¢ 'C,, 6n is the estimation of C,, at 0 and § is a generic positive
constant. Combining (C.6)-(C.8) gives

- logp/g\(yan Xn) + logp(yn|7’, 70, Xn)
1 — o

<3{-10g|C, C,l +log|B,| + tr(C, C.B;' +5C,B,") (C.9)
+ k() |7l + k(r)aT Co(C, Cr — I)e — n}.



Since the covariance function is bounded and continuous in @ and @ — 6, we have
—1 . ..

C,C,—1, — 0asn — oo. Hence, there exist some positive constant ¢ and ¢ such
that

—log |/C\;1C3’n| <, aTCn(/C\;lCn —I,)a<c,

1 (C.10)
tr(C, C,B;") < tr((I, +<C,)B").
Thus we have

— log pa(y,|r, X ) +log p(y,,|r, 70, X )
1
<§{c+10g|Bn| +tr((I, + (¢ +0)C,)B;") (C.11)
+w(r)(||7olZ + ¢) = n}.
Letting ¢ = 1/(e + ¢), we get
- logp/g\(yn‘/ra Xn) + logp(ynlr, 70, Xn)

1 . ) (C.12)
<§{c +log I, + ¢ C,l+ k(r)(||nlz+ )}

It follows that

1
—logpy(y,|Xn) <5{c+log [T, + o' Cl}

X (C.13)
- 1og/p(yn\7", 7o, Xn) eXM-;ﬂ(T‘)(HTaHi + ) th(r) dr.

Denote h(r) £ p(y, |r, 70, Xn)h(r)/p(y, |70, X,) be the conditional density function of r

given y,, and 7y, then we have

[ plynlr. o, X exp{— () Imll + )}a(r) dr

; . (C.14)
Ip(yanoaXn)/eXp{—§H(7‘)(I|ToH§ +¢)ph(r) dr

Plugging (C.14) in (C.13), we get

— log pa(y,,| X ) + log p(y,, |70, X »)
1 _ 1 ~

<§{c +log I, + ¢ 1C,|} — log/exp{—gfi(r)(HTon + ¢)}h(r)dr (C.15)
1

<§{C+ log |, + ¢~ ' Cy| + (7012 + ©)E[k(r)|y,,, 7o)},

where E[x(7)|y,,, 70] = | k(r)h(r) dr. Supposing E[x(7)|y,,, 70| is bounded, i.e., there exists
a positive constant b such that
E[k(r)|y,, 7] < b, (C.16)



taking infimum of the right hand side of (C.15) over 7y and applying the Representer

Theorem (Seeger et al., 2008), we complete the proof of Lemma 1.

Remark 1 Lemma 1 requires that E[k(r)|y,,, T0] is bounded (C.16). We now prove it is

satisfied for some members of SMN distributions.

(1)
(2)

(3)

(4)

For normal distribution:

It is easy to see since k(r) = 1.
For Student-t distribution:

Given y,, and 7o, the conditional distribution of r is Gamma(*E2, ¥t ) with d,, =
(y,, — T0(X ) " (y,, — To(X,)) /b, where 7o(X ) = (10(x1), ..., To(®n)) . It comes

that
v+d,

B lyn, ] = v+n—2

which is bounded since d, = O(n).
For slash distribution:

The conditional distribution of r given y,, and 1y is a truncated gamma distribution
Gamma(v +n/2,d, /2)L0,). Then, we get

d, P(v+n/2-1,d,/2)

E[r! =
ol = Pi(v+n/2,d,/2) (C.17)
_d ! |
2 (v+n/2—1)—exp(—dn/2)/qn’
where

1

= prn/2=2—dnt/2 gy

q /0 e (C.18)

= (2/d,)""* (v +n/2 —1,d,/2).

Here, v(a,x) & [y t* te~tdt is the incomplete gamma function. Using Theorem 4.1
in Neuman (2013), we find that

1 ( v+n/2—1
v+n/2—1 P v+n/2

an 2

d;}. (C.19)

Combined (C.17) and (C.19), we have

d
Bl < .
[ Y, 7o) (n+2v —2)(1 — exp{—d,/(n+2v)})
d, n+2v

<
S n42u -2 +n—|—2y—2’
which is bounded since d, = O(n).

For contaminated-normal distribution:



Given y,, and 19, 7 1s a discrete random variable with the conditional distribution
as h(r;7,7) = ey + (1 — D)oy, with 1/5 = 14+ (1/v — 1)y /2 exp(—151d,,).
Hence, we have E[r~ty,,, ] =v(y ' —1)+ 1<y L

Proof of Theorem 1. Applying Lemma 1 we obtain that

iEXn@[p(ynm, X 1), 25(Y,| X))

c
2n

: 1 ) 2 (C.20)
< — B — .
<o+ 5 Ex, (log [T + 671G + 5 (Il + )

Suppose |||l is bounded and Ex, (log|I,, + ¢ 'C,|) = o(n), then Theorem 1 follows
from (C.20).

Remark 2 The expect regret Ex (log |I,,+ ¢ 'C,|) depends both on the covariance func-
tion C(+,+; 0) and the distribution U(x), which can be shown as order o(n) for some widely

used covariance functions (Seeger et al., 2008).
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