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APPROXIMATELY MULTIPLICATIVE FUNCTIONALS
ON ALGEBRAS OF SMOOTH FUNCTIONS

RICHARD ANDREW JONATHON HOWEY

ABSTRACT

Let ¢ be a bounded linear functional on A4, where A is a commutative Banach algebra, then the bilinear
functional ¢ is defined as ¢(a,b) = ¢(ab) — ¢(a)p(b) for each a and b in A. If the norm of ¢ is small
then ¢ is approximately multiplicative, and it is of interest whether or not | ¢| being small implies that
¢ is near to a multiplicative functional. If this property holds for a commutative Banach algebra then 4
is an AMNM algebra (approximately multiplicative functionals are near multiplicative functionals). The
main result of the paper shows that CY¥[0,1]M (the complex valued functions defined on [0, 11 with all
Nth order partial derivatives continuous) is AMNM. It is also shown that a similar proof can be applied
to certain Lipschitz algebras.

1. Introduction

This paper is concerned with approximately multiplicative functionals on com-
mutative Banach algebras. Let ¢ be a bounded linear functional on A, where
A is a commutative Banach algebra, then the bilinear functional ¢ is defined as
¢(a,b) = ¢p(ab) — Pp(a)¢p(b) for each a and b in A. If the norm of ¢ is small we say that
¢ is approximately multiplicative, and we are interested whether or not ||¢| being
small implies that ¢ is near to a multiplicative functional. If this property holds for
a commutative Banach algebra we say that 4 is an AMNM algebra (approximately
multiplicative functionals are near multiplicative functionals).

Many of the classical commutative Banach algebras are shown to be AMNM
in Johnson [4]. In this paper we show that the AMNM property holds for certain
algebras of smooth functions. We will use an equivalent condition for the AMNM
property for certain Banach algebras when the Gelfand and the norm topologies
coincide on the character space of the algebra. The main result of the paper will
be to show that CV[0, 1] (the complex valued functions defined on [0, 1]M with all
Nth order partial derivatives continuous) is AMNM. Also we show that a similar
proof can be applied to certain Lipschitz algebras. The work in this paper is taken
from the author’s thesis [2].

2. Approximately multiplicative functionals

Throughout this paper A will denote a commutative Banach algebra, and A*
will denote the dual space of A. The set of characters of A4, that is the non-
zero multiplicative linear functionals on A4, will be denoted by A. The set of all
multiplicative linear functionals on A is thus 4 U {0}. This section will be concerned
with linear functionals on commutative Banach algebras. For each linear functional
in the dual space of A we define a bilinear functional on 4 x A.
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DEFINITION 2.1.  For ¢ € A* define ¢ by

v

¢(a,b) = ¢(ab) — p(a)p(b)  (a.b e A).

If ¢ is a multiplicative linear functional then q’;=(). This gives us an idea of a
linear functional ¢ being approximately multiplicative if we look at the norm of ¢.

DErFINITION 2.2, If Hd;H < 0, where 0 >0, we say that ¢ is d-multiplicative.

An important result of Jarosz shows that approximately multiplicative functionals
are continuous.

ProposiTION 2.3 (Jarosz [3, Proposition 5.5]). If ¢ is d-multiplicative for some
0 € R™ then ¢ is bounded and |¢| <1+ 9.

It is natural to ask if a linear functional being approximately multiplicative implies
that it is near to a multiplicative linear functional. This leads us to the following
definition for Banach algebras.

DEFINITION 2.4. Let A be a commutative Banach algebra. For each ¢ € A we
put

d(¢)=inf{ll¢p —vp]:yp € AU{0}}.
We say that A4 is an algebra in which approximately multiplicative functionals are

near multiplicative functionals, or A is AMNM for short, if for each ¢> 0 there is
0 >0 such that if ¢ is a o-multiplicative linear functional then d(¢) <e.

It is often more convenient to think of the AMNM property in terms of sequences.
The following proposition gives us some alternative definitions of AMNM.

PrROPOSITION 2.5 (Johnson [4, Proposition 3.2]). Let A be a unital Banach algebra.
Then the following are equivalent.
(i) A is AMNM. )
(ii) For any sequence {¢,} in A* with ||, | — O there is a sequence {yp,} in AU {0}
with [[¢y — pu] — 0. .
(iii) For any sequence {¢,} in A* with ||p,| — O there is a subsequence {¢,,} and
a sequence {y;} in AU{0} with | ¢, — ;| — 0.

Condition (iii) will be the preferred method to show that Banach algebras have
the AMNM property.

Later we will consider CV [0, 1]™ , which is the algebra of complex valued functions
defined on [0,1]™ with all Nth order partial derivatives continuous. The norm of
each f € CN[0, 1]™ is given by

If 1l = suplf(x)|
N
1 r! o'f
+Zﬁ< 2 Tl o S
For Q a compact space we will also consider the Lipschitz algebras Lip(Q,d) and
lip(Q,d*) (0 <o < 1) which are defined as follows.

ki A k2 Kt
0x,'0x5 ... 0x}y

(x)

r=1 ki+ka+ ... +ky =1
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DEFINITION 2.6. Let (,d) be a metric space and f a complex valued function
on Q. Then f is a Lipschitz function if there exists a constant x such that

If(x) = fI<rd(x,y)  (xy€Q)

DEerINITION 2.7. If f is a Lipschitz function then the smallest k as in Definition 2.6
is the Lipschitz semi-norm, written |f] .

It is straightforward to show that

Ifll,= sup{wzx,y cOx #y},

The collection of bounded Lipschitz functions will be denoted by
Lip(Q,d), which is a Banach algebra with norm defined by

IF =111l +1flly  (f € Lip(€,d)),
where [|f]|, = sup{|f(x)]:x € Q}.

DEerINITION 2.8. Let lip(Q2,d) be the subset of Lip(€,d) of all functions f in
Lip(€,d) such that
=50,
N
d(x,y)

It can be shown that lip(Q,d) is a closed subalgebra of Lip(Q,d), and contains
the constant functions. However, it may be the case that it only contains constant
functions. (For example, take Q= [0, 1] and d(x, y) = |x—y|, then f € lip(Q, d) implies
that f((x)=0 for all x, so that f is a constant.) To be assured of an abundance of
non-constant functions, we shall consider the algebras lip(Q,d*), 0 <a <1 , where
d* is the metric on Q defined by d*(x, y) = [d(x, y)]* for x,y € Q. The abundance of
non-constant functions is shown later by Lemma 5.1.

In order to prove whether or not the AMNM property holds for a Banach
algebra, it is useful to know how the multiplicative linear functionals are defined.
The following proposition is a well-known result that will be used throughout the

paper.

as d(x,y)—0.

PrOPOSITION 2.9. Let Q be a compact metric space and let A be Lip(Q,d) or
lip(Q,d*) (0<a< 1), or CN(Q) for Q=1[0,11M. Then the non-zero multiplicative linear
functionals in A are given by maps y such that

w(f)=fp)  (feA),

for some unique p € Q.

3. When Gelfand and norm topologies coincide

In this section we will see an equivalent condition for the ANMN property where
the sequence tends towards a fixed multiplicative linear functional. Unfortunately,
this is only for certain Banach algebras, namely separable unital Banach algebras
where the Gelfand and norm topologies are the same on the character space of the
algebra.
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THEOREM 3.1. Let A be a separable unital Banach algebra where the Gelfand and
norm topologies on A are the same. Then A is AMNM if and only if

for all sequences {¢,} in A* with I, =0 and ¢, — 3 weak*
where y is a non-zero element of A” then || ¢, — x| = 0. (1)

Proof. To prove this theorem we will first show that (1) implies that 4 is AMNM,
then we will show the converse, that A is AMNM implies (1).

First assume (1), then take {¢,} in A* with ¢, | — 0. By Proposition 2.3, {¢n} is
bounded, so let {¢,} be bounded by K. Now we have {f:f € A%, | f| <K} is weak*
compact. Also the weak* topology on this set is metrizable, since A is separable.
Since {¢,} is a sequence in a compact metric space it has a convergent subsequence.
Thus we have a convergent subsequence in the weak* topology, so ¢, — x weak™,
say. Note that y € AU {0} since Hdbn | — 0. Either (i) y # 0 or (ii) x=0, and we

consider these cases separately. For case (i) y # 0, we have by (1), || ¢, — x| — 0. For
case (ii) y(a)=0 for all a € A. Hence |¢,,(a)] — 0 for all a € A.
Now
[dull= sup  |du(ab) — du(a)by, (D)
lall<L|b]<1

and putting a=e,

> sup [60(0) = ) (b
= 1= ¢u(@)] |||

Thus ||, || >0 since [, | —0 and |1 — ¢,,(e) = 1. Hence [y, — 1] = s, | = 0.
Then by Proposition 2.5(iii), 4 is AMNM. 5

Conversely suppose that 4 is AMNM. Take a sequence {¢,} in A* with ||¢,| — 0
and ¢, —y weak* (y # 0). We know that 4 is AMNM, so there is a sequence {y,}
in AU{O} with | ¢, — y,| — 0. Thus ¢, —p, —0 weak* therefore v, — y weak*,
which gives y, — x in the Gelfand topology as ,,% € AU {0}, and so |y, — y|| =0
as the Gelfand and norm topologies are equal.

Now

[ dn — 21l <l pn — wall + llpn — x| >0+ 0=0;

thus

H(bn _XH —0.

4. CN[o, 1M is AMNM

In this section we will prove that CN[0, 1] (N € N and M € N) has the AMNM
property. We will also be looking at Lipschitz algebras and observing that a similar
proof can be applied. We will be using Theorem 3.1 to show that CV[0,1]™ has
the AMNM property. This algebra is separable since the polynomials are dense in
cy [0, 11 . Next we show that the Gelfand and the norm topologies are the same

in CN[0, 1M
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PROPOSITION 4.1.  The Gelfand and norm topologies are equal in CN[0, 1]1M

Proof. Suppose that F, — F in norm where F,,F € CN[0,1]™. Then obviously
F, — F in the Gelfand topology.
Conversely, suppose that F, — F in the Gelfand topology. By Proposition 2.9, for

G € CN[0, 1M, G(f) = f(x) for all f € CN[0,1]M for some unique x € [0, 1]™, so that
fn)—=F) for all f € CN[O, l]M

where y, corresponds to F,, and y corresponds to F. For i € {1,2,..., M} consider
f e CN0,11M defined by

f()y=t (t=(t1,t2,...,ty) € [0, 1]M).

Thus (yn); = yi for each i € {1,2,..., M}, that is y, converges pointwise. Now take
f e CN0,11M with | f|| <1. Then

[f(yn) =)l =

M
o e, y»‘

i=1 !

for some z, on the line segment from y, to y by the mean value theorem, see
Douglass [1, Chapter 8, Section 5]. Hence

M

() = £( Z
=
Z |(yn -

=¥l

Thus

[Fn — Fll = sup [Fy(f) — F(f)]

Ifl<t

= sup |f(yn) _f(y)‘

Ifl<t
< I
If u<1l N

Z (v = V)il
i=1

Therefore |F, — F|| — 0 since (y,); — y; for each i € {1,2,...,M}.
To show that CV [0, 1]M is AMNM, we need an extension result regarding elements

in CN[0,1]M. First we define a restriction norm on CV[0, 1]M

DEFINITION 4.2. For CN[0,1]M and Lipschitz algebras, let the restriction norm
over B, denoted ||f HB , be the usual norm of the restriction of f to B; that is for
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CN0,1]M and the set B < [0, 1] we have

I 1% = suplf(x)|
xXeB

N
1 r!
Al LS e

r=1 ki+ko+ ... +ky =71

ik —
8x’f1 8x§2 . 6xlj‘\y '

PROPOSITION 4.3. There exists L € R™ (which depends on N and M only) such
that for a closed Euclidean ball B < [0, 11M and f € CN[0, 11 with

If1°<n  (O<y<l),

there exists h € CN[0,11M with h(x)=f(x) for all x € B and ||h| <Ly.

Proof. By Whitney [7, Theorem 1] a suitable extension can be found. It is
necessary to refer to Whitney [6, in particular Section 10 and Section 11] to see that
our constant L satisfies the required conditions.

To show that CN[0,1]™ is AMNM we will also use the fact that CN[0,1]M is a
regular Banach algebra; the definition of a regular Banach algebra is shown below.

DerINITION 4.4. A Banach algebra A4 is a regular Banach algebra if it is semi-
simple, and for any p € A and closed B = 4 with p ¢ B there exists a € A such that
A(p) # 0 and A(f)=0 for all f € B.

TueoreM 4.5. CN[0, 1M is AMNM.

Proof. We will use Theorem 3.1 to prove that CV[0,1]" is AMNM. First we
will let {¢,} be a sequence in (CN7o0, 1]M)* with \|q§n\| — 0 and ¢, — y weak* where
x(f) = f(p) for some p € [0,1]M. Then we will prove successively the following claims.

(i) For any closed Euclidean ball B < [0,1]M with p € B\ B we have

sup{|¢p.(g)|:g(x)=0for all x € B} >0 as n— oo.

lgli<1
(i1) For any closed ball B with p € B\ 0B, 0<n <1, and ¢>0,

there exists Ny such that
&
sup |¢n(f)\<§ + Kon for n= Ny,
IFI<LIfIP<n
where K is some constant depending on N and M only.
(i) SuPufu<1{|¢n(fN+l)\ :f(p)=0} —>0asn—co.

(iv) Sup\\f\\<1{|¢n(f)\ :f(p)=0} —0asn— o
(V) H¢l1_XH—>O as n— oo.

Set A= CN[0,1]™ and let {¢,} be a sequence in A* with I, | —0 and ¢, —
x weak*, where y(f)=f(p) for all f € A for some p € [0,1]1M. Thus |¢p,(f) — f(p)|
— 0 for all f € A, and putting f =1 gives

|pn(1) — 1] —0. 2
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Now take a closed Euclidean ball B < [0,1]™ with p € B\ 0B. Then
lpnll = sup  [Pn(fg) = Pu(f)Pn(g)l

IflI<Lligl<1

> sup  {|du(f)lI¢n(g)l: g(x)=0 for all x € B,
IfI<Llgl <1

f(x)=0 for all x € [0, 1]™ \ B}.

Since A is regular, we can choose fo € A with fo(x) =0 for x € [0, 1] \ B such that
fo(p) # 0 and | foll <1, and so

Iull = 1¢u(fo)l ‘Sl‘lp{lqﬁn (g)l:g(x)=0 for all x € B}.
g <1
Thus
sup{|pu(g)|:g(x)=0 for all x € B} >0 (3)

lgl<1

since [|¢, | =0 and ¢u(fo) = fo(p) # 0.

By Proposition 2.3, {¢,} is a bounded sequence so we can let K = sup,, | ¢, |.

Now take f such that |f|| <1 with HfH <n (0<n<1). By Proposition 4.3, it
is possible to define an extension h of f such that h(x)=f(x) for all x in B and
k|| < Ly for some constant L depending on N and M only.

Let g=f—h,so g€ A and g(x)=0 for x € B and

lgl=If—=hl<Ifl+hl<1+Ln<1l+L.
This gives
sup  |¢a(f)| = sup{|¢.(g + h)|: g and h are given by f as above}

IFI<LIFI® <n

< sup {|¢u(g)|:g(x)=0 for all x € B}
lgll<t+L

+ sup [¢u(h)].
Ikl <Ly

Let >0, then by (3) there exists Ny so that supy <i1r{|#a(g)l:g(x)=0 for € B}
<¢/2 for n= Ny, so that the above is less than

Sy sup ||, A for n>= Ny
2 H< "

< -+ KLn.
2+ 1

Thus we have, for any closed ball B with p € B\ 0B, 0<#n <1, and ¢>0,

there exists Ny such that

&
sup ()l < 5+ LKy for n> No. 4)
IFILIf 1P <n

Now take ¢ such that
0<e<2LK <2L(N!)(N + 1)(N2M+D g

and let 6 be such that
£

0o 2L(NI)(N + 1)(NFIMFD g
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Let B be the closed ball centre p, radius 6/M. Take x € B and f € A such that
f(p)=0 and ||f| <1. Then

L af(x)
ox; ( —P)i

F) = fp)l= >
i=1

for some x’ on the line segment from x to p by the mean value theorem, see Douglass
[1, Chapter 8, Section 5]. Thus

IfE)=1f(x) = f(p)I < |(x = p)il

=),

N

i=

M 12
M(Zl(x—p )
5

//\

=90,
and taking the supremum over B we have

sup|f(x)| <.

x€eB

Now take x € B, r € {0,1,2,...,N} and ki, ks,....,kpy € NU{0} such that
S M ki=r, then a direct calculat1on shows that

0"
Ox1M10x .. oxpM

&

N+1
L < g

and taking the supremum over B we have

& B
<
Ox1510x,5 . oxp (&)

&
2L(N + 1)M+DK”

sup
xeB

This then gives, after another calculation,

N+1B
I < 5
Also

N+1 N+1
<A <1

Thus we have by (4) for some Ny

sup {|¢a(f**)I: f(p) =0} < sup {I(/%(f) If1°

Ifl<1 u <1 SIIK }

=¢ for n>= Nj.

2 2LK
Therefore

sup {|p.(fNH]: f(p) =0} -0 as 1 — oo. (5)
Ifl<1
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Now

1B, 1)+ GulFN " P)bulF) + Puf Y2 1) (1))
F oo G NPV
= a1 = u(FN)pu(F) + GalFN)Pa(f) — Du(F YN Da())?
N A (2 00) A 3 a
= 1a(FN1) — (Ga(MVF,

so taking the supremum over || f| <1 with f(p)=0 we get

sup {|¢a(f**") — (¢a(H))* 1 £ () =0}

IflI<1

= sup (|G, (fN. )+ Gulf¥ 1 ) + a2 F)(u(f))?

IflI<t
+ ot Gl DDV £ (p) =0}
Therefore since qu;n\l — 0 and {¢,} is bounded

Sup {167 ) — @) S 0) =0} =0 asnon

Then by (5) we have
Hi_lulgl{|(<15n(f))N“|:f(p)=0} -0 asn—oo

Thus

H?‘Hlflw”(f)' :f(p)=0}—0 as n— oo.

747

(6)

Now A={f € A:f(p) =0} + C so that for each g € A we can write g=go + ¢ for

some go € {f € A: f(p)=0} and ¢ € €, thus

[¢n — xll= sup |pn(g) — g(p)]

lgl<1
= sup [¢n(go + ¢) — go(p) — ¢|
lgl<1
< sup{|¢(g)l:g(p) =0} + [¢u(1) — 1I.
lgl<1
Therefore by (2) and (6)
n — xIl =0 as n— oo.

Thus we have for each sequence {¢,} in A* with Hd;nH — 0 and ¢, — x weak* where
x is a non-zero element of A*, that |¢, — x| — 0. Hence by Theorem 3.1, A4 is

AMNM.

5. Lip(X,d) and lip(X,d*) are AMNM

Throughout this section (X,d) will be a compact metric space. We will show
how similar techniques can be applied to Lipschitz algebras to prove the AMNM
property, and that the techniques are easier to apply in this instance. Again, we
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will be using Theorem 3.1 to show that the Lipschitz algebras have the AMNM
property. Again, we will show that the Gelfand and the norm topologies are the
same. First we have a useful result for Lipschitz algebras.

LemMa 5.1. Consider the Banach algebras Lip(X,d) and lip(X,d*) (0<a<1,
d*(x,y) = [d(x, y)]*), where X has finite diameter d'; then the function f defined by

f(x)=min{d(x,0, 1} (x€X)
Sfor some t € X, is an element. Also ||f|., <d', |fl;<1 and ||f]| \(d’)

Proof. This is straightforward.

__ProrosiTioN 5.2. The Gelfand and the norm topologies are equal in Llp(X d) and
llp(X d*) for 0<oa <1 where Llp(X d) and hp(X d*) are separable.

Proof. Let A denote fi\p(X, d) or ﬁI\)(X, d*) for some O <o < 1.

Suppose that F,, » F in norm where F,, F € A. Then obviously we have F, » F
in the Gelfand topology.

Conversely, suppose that F,, — F in the Gelfand topology so that by Proposition 2.9

fm)=f(y)  forallfeA4

where y, corresponds to F,, and y corresponds to F. Consider fe€ A defined
by f(x)=min{d(x,y),1} from Lemma 5.1, which gives f(y,)—d(y,y), so that
d(yn,y)—0.

Now if 4 is Llp(X d) then

1Fy— F| = HilHJP\F(f) E(f)l

sup |f(ya) — f(y)]
Ifl<t

Hsl‘lp 171l 4d(yns y)
. [f(x) = fO)
S —
( ince [|f1l T
< d(yn’ J/)
Thus ||F, — F|| — 0 since d(y,, y) = 0. A similiar argument applies in the case when
A is lip(X, d¥).

N

If(yn) — F(¥)]
d(yn, y)

» 80 ||flly=

if y, # y.)

Again, we need an extension result to show that the Lipschitz algebras have the
AMNM property. The following result is due to McShane for extending in Lip(X, d),
but unfortunately does not seem to apply to lip(X,d*), although we will show an
extension result for lip(X,d*) when X =[0,1] and d*(x,y)=|x — y|* for 0<a < 1.

THEOREM 5.3 (McShane [S, Theorem 1]). Let the real valued function f be defined
on a subset E of the metric space (X,d) satisfying the Lipschitz condition

[f(x) —fI<Kd(x,y)  (x,y € E)

on E for some K € RT. Then f can be extended to X preserving the same Lipschitz
condition.
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Summary of proof. Define h to be the real valued function on X given by

h(x) = sup{f(y) — Kd(x,y)}.

yeE

Then it can easily be shown that & satisfies the conditions for the extension of f.

COROLLARY 5.4. Let f be the complex valued Lipschitz function defined on a subset
E of metric space (X,d) with HfHE <. Then there exists h € Lip(X,d) such that
|kl <2n and h(x)=f(x) for each x € E.

Proof. This is straightforward.

LeMmA 5.5. For an interval I =1[l,1;] in [0,1] and f € lip([0,1],d*), where
d*(x,y)=|x—y|* for 0<a<1 with |f|| <1 and

If1P < (O<n<),
there exists h € lip([0, 1],d*) with h(x) = f(x) for all x € I and ||h| <¥.

Proof. Take f € lip([0,1],d*) with | f|| <1 and HfHI <n for some 0 <y <1 and
interval I =[lj,l>] in [0, 1]. Let h € lip([0, 1],d*) be defined by

f(h) 0<x<
h(x)= < f(x) L <x<l
f(lz) lz < X S 1

Then h is easily shown to satisfy the required conditions.

Next we show that the Lipschitz algebras which satisfy certain conditions are
AMNM using Theorem 3.1.

PrROPOSITION 5.6. Let A be a separable Lipschitz algebra Lip(X,d) or lip(X,d*)
where (X, d) is not the discrete metric. Also suppose there exists L € R™ such that for
any closed ball B =< X and f € A with ||f| <1 and HfHB<11 (0<n<1) then there
exists h € A with h(x)= f(x) for each x € B and | h|| < Ln. Then A is AMNM.

Proof.  Let A be the algebra in question. Then first we will let {¢.} be a sequence
in A* with H%H —0 and ¢, — y weak*, where y(f)=f(p) for some p € X. Then we
will prove successively the following claims.

(i) For any closed ball B # X in X with p € B\ ¢B we have

sup{|¢p.(g)|:g(x)=0for all x € B} >0 as n— oo.
lgl<1

(i1) For any closed ball B with p € B\ 0B, 0<n <1, and ¢>0:

there exists N such that

sup |¢n(f)\<§+LK17 forn>= N,
IFI<LIfIP<n
where K = sup, H(ﬁnH
(iii) SUprH<1{|¢n ) f(I? =0} —>0as n— co.

(iv) Supufu<1{|¢ ):f(p)=0} -0 as n— o0.
(V) H(bn_)fu_)()as n— 0.
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Let {¢,} be a sequence in A* with [|¢, || — 0 and ¢, — y weak*, where x(f)=f(p)
for some unique p € X by Proposition 2.9. By the weak* convergence we have

[n(f) —f(p)| =0 forallf €A
Putting f =1 gives
|fn(1) — 1] —0. (7)
Now take a closed ball B # X in X with p € B\ 0B. Then

Igall = sup  [hu(fg) — dulf)Pu(g)l

IfI<tlgl<!
= sup  {|du(f)l du(g)l:g(x)=0 for € B,

IfI<Llgl<1

f(x)=0for € X \ B}.

Since A is regular we can choose fy € A such that fo(p) # 0, fo(x)=0 for x € X \ B
and [|fol| <1, and so

1@l = dn(fo)l ‘sup{|¢n<g)|:g<x)=o for € B}.

[gl<1
Thus
sup{|¢.(g):g(x)=0 for € B} -0 (8)

lgl<t

since |, —0 and ¢,(fo) = fo(p) # 0.
By Proposition 2.3, {¢,} is a bounded sequence, so we can let K = sup,, ||@,].
Now take f €A with ||f| <1 and HfHB <n for some 0 <#n <1 and closed ball B
in X. Then there exists h € A with h(x)= f(x) for all x € B and ||h||<Ly. Letg € 4
be given by g=f — h, so that g(x)=0 for x € B, and ||g||=lf — Al <|f]| + ||kl <
1+ Ln<1+ L. This gives

sup  |a(f)l = sup{|¢p.(g + h)|: g and h are given by f as above}

IFI<LIfIP<n

< sup {[$u(g)l:g(x)=0for € B} + sup |d(h)].
lgl<1+L Ihl<n

By (8) there exists N such that supj, <4 1{|Pa(g)]: g(x) =0 for € B} <e¢/2 forn=N,
so that

&
sup  |da(f)I < 5t sup [ ull IRl forn>N
IFI<LIf 1< Ihl<Ly
<§+LK;1 for n> N.

Thus we have for any closed ball B, with p € B\ 0B, 0<n <1, and ¢>0,

there exists N such that sup  |da(f)l < ¢ + LKn forn>=N. 9)
IFI<LIfIP<n 2

Now take 0<z<2LK and f € A with f(p)=0 and ||f] <1.

Let 6 be such that
£

8LK

0<odo<

and let B be the closed ball given by
{x:x € X,d(x,p) <}
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We will now consider the square {2 of f on B and show that ||f 2HB <¢/2LK for the
case A Lip(X,d). If A= lip(X,d*) then it can be shown by a similar method that
1£21” <e/2LK.

Since f is continuous, there exists a point ¢ € B such that |f(c)| = sup,cpl|f(x)|.
We have |[f[[® = fI% + | £17 <1, thus

f(x)—=f(y)
x,yzgg#y d(x,y) ‘ st

If [f(c)| # O then ¢ # p and so

’f(c) —f(p)‘ -

dc,p) | "
thus
supl ()] = f(e)| < d(c PO < e

Therefore

2
o) & &
< <
Suplf ()| <8LK> SLK
since ||f|| <1 and ¢/8LK < 1. Next we look at the Lipschitz norm of f? restricted to
B:

2
7= sy |PO=S0)
X,yEB,x%#y
sup M]m 50
X,yEB,xF#y d(x y

£
8LK T4LK’

< Ifllg > 2sup|f(><)| <IX2X orr

Therefore the norm of f? satisfies

By 2 ) € 3e €
= < .
120 = 1205 4 1200 < g7 + 21k = 81K <31k

Therefore by (9) there exists N such that
sup{|dn(f*)|: f(p) =0} < sup |n(f)I

Ifl<1 IfI<LIfIB<e/2LK
<2+LK<2LK>=8 forn>=N,
thus
Hsflulfw”f )I:f(p)=0} —0. (10)
Now
|l = Hsl‘lgmn(f )= dulf1:£(p) =
therefore

sup{|¢u(f*) — ¢u()*|: f(p) =0} =0

(IAES
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since Hqgnﬂ — 0, so by (10) we have
sup{|¢.(f)l: f(p)=0} —0. (11)

[fll<1

Now A={f € A:f(p)=0} + C so that for each g € 4 we can write g=go + ¢ for
some go € {f € A: f(p)=0} and ¢ € C, thus

[n — xll= sup |¢pn(g) — g(p)|

lgl<

= sup |¢n(go + ¢) — go(p) — ¢l
[ell<t

< HSlulpl{\%(g)\:g(p) =0} + [¢u(1) — 1],
gl<

therefore by (7) and (11)

l¢n — %Il = 0.

Hence we have for each sequence {¢,} in 4* with Hq';nH —0 and ¢, >y weak*
(x # 0), that ||¢, — x|l = 0, so by Theorem 3.1 4 is AMNM.
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